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Abstract
Quantum communication enables various technological possibilities that are hard or impossible
with classical communication. These include secure distribution of keys, transfer of quantum
information and distributed quantum computation and sensing. Quantum communication relies
on the ability to transmit a quantum state over some distance. Exponential photon loss from
fibre inevitably limits the distance one would be able to achieve this over and therefore make
use of these promising new technologies.
Quantum repeaters have been proposed as a solution to this problem. Elementary repeater
protocols involve dividing the channel into smaller segments with repeater nodes, distributing
entanglement between these nodes and then performing swapping operations to connect en-
tangled pairs and purification to correct operation errors. In the years since these elementary
protocols, quantum repeaters have been through extensive theoretical improvements including
utilising the benefits of quantum error correction to improve efficiency.
However, the vast majority of these protocols are for discrete encodings of quantum informa-
tion. There is significant interest in using continuous variable encodings of quantum information
for quantum communication applications. This is motivated in part by the ease of generating,
manipulating and detecting quantum states and additionally the increased compatibility with
existing infrastructure. In this thesis we present one of the first quantum repeater protocols for
continuous variable encodings of quantum information.
The continuous variable quantum repeater we present in this thesis is based on concatenated
error correction protocols that work to correct loss on any optical field state. We thoroughly
investigate operation of this error correction protocol including the trade-offs associated with
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real implementations, various modifications to the error correction protocol as well as whether
it can be implemented with current technology.
We illustrate how these error correction protocols may be structured to form a quantum
repeater that inhibits the exponential photon loss problem with a resource cost that scales
polynomially with distance. We show that our continuous variable repeater is able to beat
the fundamental bound on quantum communication without a repeater. Finally, we compare
the performance of our first generation continuous variable repeater to existing first generation
discrete variable protocols.
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1
Introduction
The development of technologies according to the principles of quantum mechanics allows many
promising real world applications. Under the umbrella term of quantum communication [1],
these applications range from secure communication [2, 3] and quantum state transfer [4], to
enhanced quantum sensing [5–7] and computation [8, 9]. However, utilising these technologies
over long distances remains challenging due to fibre loss or free space attenuation. In classical
communication, this problem is solved by having repeaters stationed at various points along
the channel to amplify the signal. This solution, that has enabled classical communication to
proceed, may not be employed for quantum communication as redundant copies of quantum
information cannot be made due to the no-cloning theorem [10]. A more sophisticated solution
is necessary if these issues are to be overcome and we are able to utilise the advantages of
quantum communication over long distances.
One proposed solution has come in the form of a quantum repeater [11]. The first quantum
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repeater protocol from the late nineties used multiple rounds of entanglement swapping [12]
in order to connect entangled pairs, and share entanglement between ends of a long distance
channel. Entanglement purification [13] was also required to correct against building operation
errors. Since this first proposal, there has been significant theoretical advancement on repeater
protocols and experimental progress with repeater elements [14–16].
Currently, the majority of repeater implementations are for discrete variable (DV) encodings
of quantum information, where information is encoded in a finite dimensional basis, such as
the polarisation of single photons. As an alternative, there are also continuous variable (CV)
encodings of quantum information, where information is encoded in the quadrature amplitudes.
Not only do continuous variable encodings of quantum information offer (in principle) easier
state generation, manipulation and detection [17], they also offer the possibility of compatibility
with existing infrastructure [18].
The difficulties in overcoming loss for long distance quantum communication plague discrete
and continuous variable systems in very different ways. While repeater protocols for discrete
variable systems have existed and been improved upon for over 20 years [14, 15], the first
continuous variable repeater protocols were published within the last three years [19, 20]. The
work in this thesis represent one of these first continuous variable repeater protocols.
In order to construct our continuous variable quantum repeater, we make use of elements
that are compatible with CV encodings of quantum information. Our repeater uses continuous
variable teleportation [21] for entanglement swapping [22, 23] and noiseless linear amplification
(NLA) [24] for entanglement distillation. The repeater protocol we present in this thesis is
based on concatenated error correction protocols [25] that can correct loss on any optical field
state.
In this thesis, we examine operation of our CV repeater and the error correction that it
is based on with physical NLAs consisting of a finite number of quantum scissors [26]. In
particular, we focus on implementations with a single quantum scissor and how this affects our
ability to correct Gaussian loss using this protocol. In order to quantify how well this protocol is
able to improve a loss channel, we present a method to quantify channel improvement based on
entanglement of formation. We utilise this method to examine operation of the error correction
protocol under a wide range of circumstances.
1.1 Structure of this dissertation 3
We will show how this CV error correction protocol with only a single quantum scissor can
be concatenated to form a repeater that beats fundamental bounds on quantum communication
[27, 28]. In addition, we compare how our first generation CV repeater protocol compares to
existing first generation DV repeater protocols.
1.1 Structure of this dissertation
Chapter 2
We present a brief review of the concepts in Gaussian quantum information theory that are
relevant to the work presented in this thesis. We briefly review the evolution of quantum
repeater protocols.
Chapter 3
In this chapter we review the CV error correction protocol in Ref. [25]. We present a method to
quantify channel improvement. We use this method to examine the effect of the single quantum
scissor implementation of the NLA on the error correction capabilities of this protocol.
Chapter 4
We show that the CV error correction protocol can be used to correct a small amount of
Gaussian thermal noise. We explore how NLAs consisting of two quantum scissors compare with
the single quantum scissor implementation. We examine the circumstances that an additional
state truncation of higher order terms might improve operation of the CV error correction
protocol.
Chapter 5
In this chapter, we ask whether this CV error correction protocol can be implemented with
current technology. We model non-unit efficiency sources and detectors and show how these
inefficiencies affect channel improvement capabilities.
4 Introduction
Chapter 6
We present our quantum repeater for continuous variables. We show how it may be constructed
to combat exponential fibre attenuation with a resource cost that (in principle) scales polyno-
mially with distance. We show that our repeater beats fundamental bounds on repeaterless
quantum communication.
Chapter 7
In this chapter, we compare our first generation CV repeater to existing first generation DV
repeaters. We compare the rates at which these protocols can distribute states of similar
entanglement level.
Chapter 8
In this last chapter, we summarise results from this thesis and provide suggested future direc-
tions based on this work.
2
Background
2.1 Continuous variable quantum states
Continuous-variable (CV) quantum systems [17, 29, 30] represent a natural way to encode in-
formation in the quadrature amplitudes of the quantized electromagnetic field. Motivating the
study of continuous variable quantum information protocols is the ease of generating, manipu-
lating and detecting CV states [17].
CV systems comprised of an ensemble of N bosonic modes have composite Hilbert space
described by
H =
N⊗
k=1
Hk (2.1)
which is a tensor product of individual Hilbert spaces Hk for each mode, where each Hk
are infinite dimensional Fock spaces. Each mode has corresponding annihilation and creation
5
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operators which obey bosonic commutation relations:
[aˆk, aˆk] =
[
aˆ†k, aˆ
†
k
]
= 0
[
aˆj, aˆ
†
k
]
= δjk (2.2)
In this thesis, we will use the convention ~ = 2, which gives the quadrature operators for
each mode defined as:
xˆk = aˆ
†
k + aˆk pˆk = i
(
aˆ†k − aˆk
)
(2.3)
In these units, the vacuum state has variance V = 1. With the vector of quadrature operators
defined as Rˆ = (xˆ1, pˆ1, ..., xˆN , pˆN), the commutation relations between quadrature operators
can be expressed as: [
Rˆi, Rˆj
]
= 2iΩij (2.4)
with Ωij being an element of the 2N × 2N matrix Ω:
Ω =
N⊗
k=1
ω =

ω
. . .
ω
 ω =
 0 1
−1 0
 (2.5)
2.2 Gaussian states
There is a broad class of states used in continuous variable quantum information processing
called Gaussian states [17, 31, 32]. These states are characterised by having a Wigner function
(W ) and characteristic function (χ) that follow a Gaussian distribution. Gaussian quantum
states are completely characterised by the first and second moments of the quadrature operators.
The first moment, called the displacement vector, is just the mean value of the quadrature
operators d =
(
〈Rˆ1〉 , 〈Rˆ2〉 , ... 〈RˆN〉
)
, and the second moment is the covariance matrix V .
Elements of the covariance matrix are defined by:
Vij =
1
2
〈RˆiRˆj + RˆjRˆi〉 − 〈Rˆi〉 〈Rˆj〉 (2.6)
For an N mode Gaussian state, the covariance matrix is a 2N × 2N real and symmetric
matrix containing variances of the quadrature operators along the diagonal and the covariances
between observables in the off diagonal elements. Any valid covariance matrix must satisfy the
uncertainty principle [33]:
V + iΩ ≥ 0 (2.7)
2.2 Gaussian states 7
Additionally, a pure state is a Gaussian state if and only if it has a non-negative Wigner
function [34–36]. Important examples of Gaussian states include vacua, coherent, squeezed and
thermal states.
Vacuum states
Vacuum states have zero mean value and covariance matrix given by
d = (0, 0) V =
1 0
0 1
 (2.8)
Coherent states
Coherent states are eigenstates of the annihilation operator aˆ |α〉 = α |α〉. With α = 1
2
(x+ ip),
coherent states have mean value and covariance matrix given by
d = (x, p) V =
1 0
0 1
 (2.9)
Thermal states
Thermal states are given by the following mixture of fock states ρˆth =
1
1+n
∑∞
n=0
(
n
1+n
)n |n〉 〈n|.
The variance V of the thermal state is related to the average photon number n by V = 1 + 2n.
Thermal states have mean value and covariance matrix:
d = (0, 0) V =
V 0
0 V
 (2.10)
Single mode squeezed vacuum state
By applying the squeezing operator Sˆ (r) = exp
(
r
2
(
aˆ2 − aˆ†2)) to the vacuum, single mode
squeezed vacuum states can be generated. These states have zero displacement and covariance
matrix given by.
d = (0, 0) V =
e−2r 0
0 e2r
 (2.11)
where r ∈ R is a parameter that controls the squeezing.
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2.3 Gaussian channels
In general, a transformation of a quantum state is called a quantum channel when it forms
a linear map E : ρˆ → E(ρˆ) that is completely positive and trace preserving (Tr [ρˆ] = 1 =
Tr [E(ρˆ)])[32]. A simple class of quantum channels are represented by unitary transformations
Uˆ (where Uˆ−1 = Uˆ † and Uˆ Uˆ † = 1) which are of interest in quantum information because of
their reversibility . The action of the transformation is then ρˆ → Uˆ ρˆUˆ † (Schro¨dinger picture)
or Aˆ→ Uˆ †AˆUˆ (Heisenberg picture).
A Gaussian channel is any operation that is completely positive trace preserving, and takes
a Gaussian state to another Gaussian state [32]. The most general form of a single mode
Gaussian unitary transformation is represented by [37]:
Dˆ(α)UˆS where UˆS = Rˆ(θ)Sˆ(ε)Rˆ(θ
′) (2.12)
That is a combination of phase rotations Rˆ(θ) = exp(−iθaˆaˆ†), squeezing Sˆ(ε) and phase space
displacement Dˆ(α). In the multi-mode case, Gaussian unitaries are generated from quadratic
Hamiltonians and transform the field mode operators as
aˆ′k =
∑
l
Aklaˆl +Bklaˆ
†
l + γk (2.13)
where A and B are N ×N complex matrices satisfying ABT = (ABT )T and AA† = BB† + 1.
Equation (2.13) shows the general form of the linear unitary Bogoliubov transformation and
can be achieved using linear optical elements such as beam splitters, phase shifters and single
mode squeezers [38].
Loss channels
In optical quantum information protocols, photon loss is one of the most prominent sources of
decoherence. Loss is modelled by a beam-splitter transformation which transforms two modes a
and b as: Bˆ (θ) = exp
[
θ
(
aˆ†bˆ− aˆbˆ†
)]
. The parameter θ controls the transmissivity of the beam-
splitter (or loss-channel) η = cos2 θ ∈ [0, 1). In the Heisenberg picture, this transformation is:
aˆ
bˆ
→
 √η √1− η
−√1− η √η
aˆ
bˆ
 (2.14)
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For a pure-loss channel, the input into mode b is the vacuum, and for a thermal-loss channel
the input would be a thermal state.
2.4 Quantum entanglement
In order to illustrate the criteria for a quantum system to be entangled, consider a composite
system consisting of two sub-systems A and B. The Hilbert space of this combined bipartite
system is HAB = HA⊗HB. The state of the system can be written |Ψ〉AB =
∑
i,j ci,j |i〉A⊗|j〉B
where |ψ〉AB ∈ HAB and {|i〉A} and {|j〉B} are basis states of the Hilbert spaces HA and HB
respectively. For pure states, the state is separable if it can be written as a tensor product of
the sub-system states, that is
|Ψ〉AB = |ψ〉A ⊗ |φ〉B (2.15)
In other words, a state is separable if there exists cAi and c
B
j such that ci,j = c
A
i c
B
j , meaning the
sub-system states can be expressed as |ψ〉A =
∑
i c
A
i |i〉A and |φ〉B =
∑
j c
B
j |j〉B. Alternatively,
if for all cAi and c
B
j , ci,j 6= cAi cBj then the state is inseparable.
More generally, if the composite system is described by a mixed state ρAB, then the state
is separable if it can be written as:
ρAB =
∑
i
piρ
(i)
A ⊗ ρ(i)B (2.16)
with ρ
(i)
A and ρ
(i)
B being states in HA and HB respectively. Additionally pi ≥ 0 and
∑
i pi = 1.
Under the previously defined criteria, a quantum system is entangled if it is inseparable.
It is also useful to quantify the amount of entanglement a system has, that is how inseparable
it is. For the case of pure bipartite systems, entanglement can be quantified using the von
Neumann entropy of the reduced density matrices ρA or ρB [39]:
E(|Ψ〉AB) = −Tr(ρA log ρA) = −Tr(ρB log ρB) = −
∑
i
pi log pi (2.17)
which has units of entangled bits (ebits). As an example, the Bell state:
|Φ+〉 = 1√
2
(|0〉A |0〉B + |1〉A |1〉B) (2.18)
is maximally entangled and has 1 ebit of entanglement.
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Two-mode squeezed vacuum states
Applying the squeezing operation Sˆ (r) = exp
[
− r
2
(
aˆ†bˆ† − aˆbˆ
)]
to two vacuum modes |0〉a⊗|0〉b
gives the two-mode squeezed vacuum state (TMSV):
|χ〉ab =
√
1− χ2
∑
χn |n〉a |n〉b (2.19)
where the variable χ ∈ [0, 1) relates to the squeezing parameter r through χ = tanh r. The
two-mode squeezed vacuum state has standard form covariance matrix given by:
σ =

a 0 c 0
0 a 0 −c
c 0 b 0
0 −c 0 b
 (2.20)
with
a =
1 + χ2
1− χ2 b =
1 + χ2
1− χ2 c =
2χ
1− χ2 (2.21)
Experimentally, it is common to work with squeezing in units of decibels which can be found
by 10 log10 (2V ) where V =
1+χ2
1−χ2 . This state is of significant importance to CV quantum
information protocols because it is commonly utilised as an entangled resource; it can be
thought of as the CV analogue to Bell states for DV quantum information. However, one
important difference is that while maximally entangled Bell states are physically achievable,
the maximally entangled TMSV state (which occurs for χ→ 1) has infinite energy and is thus
unphysical.
2.5 Quantum communication
Quantum communication refers to the transfer of a quantum state over some physical distance
[1]. The ability to do this comes with a lot of potential technological advantages. An example
of this is quantum key distribution (QKD) which allows secure distribution of keys that can
be used for cryptography [40]. QKD protocols can be classified into two broad categories:
“prepare and measure” schemes which typically involve the sender preparing the state and
receiver measuring it [40, 41], while “entanglement-based” schemes proceed by distributing
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entanglement through the public channel and then both parties conducting a measurement
on their half of the entangled state [42]. QKD was first considered in the context of discrete
variables [40–42] and then later for continuous variables [43–45]. This field of QKD is one of the
most mature applications of quantum information protocols as small scale devices are available
commercially [46–48].
Another example of what can be achieved using quantum communication is quantum tele-
portation [49]. In quantum teleportation, a quantum state can be transferred to a spatially
separated location as long as the sender and receiver share an entangled resource and classically
communicate. Like QKD, quantum teleportation was first conceived for DV quantum states
[49] and later for continuous variables [21, 50, 51], and CV teleportation is discussed further in
Sec. 3.1. Quantum teleportation has applications to quantum gates [52] and error correction
[25, 53].
In addition to quantum key distribution and quantum teleportation, there is also distributed
quantum computing [8, 9] where computational tasks are performed on quantum states shared
between distant nodes of a network, and distributed quantum sensing where entanglement
between distant nodes is exploited to generate quantum-enhanced sensing capabilities [5–7].
Thus, quantum communication promises a wide range of enticing capabilities and entanglement
is a resource for many of these protocols. Being able to effectively distribute quantum states
with entanglement preserved is necessary for secure key generation with QKD [54]. In general,
being able to distribute entanglement is necessary for the quantum channel to be useful for
quantum communication [55].
2.6 Quantum repeaters
One of the biggest challenges facing the realisation of quantum communication over long dis-
tances is loss due to fibre or free space attenuation. Optical transmission through fibre decreases
exponentially with distance and thus entanglement cannot be efficiently established between
ends of a long distance channel through direct transmission alone.
A solution to this exponential photon loss problem was proposed by Briegel et al. in
1998 with the model of a quantum repeater [11]. Since the original quantum repeater by
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Briegel et al. , repeater protocols for discrete-variable encodings have been through various
iterations of protocol improvements. The evolution of quantum repeater protocols has been
broadly categorised into three distinct generations [14, 15]. In this section, we briefly review
progress with repeaters for discrete-variable protocols, as well as hybrid repeaters combining
DV and CV elements.
2.6.1 Discrete variable
Generation I
A central concept of the first quantum repeater protocol by Briegel et al. was that by employing
entanglement swapping, one could start with many different entangled pairs shared between
nodes along the channel and then use entanglement swapping to effectively connect them all.
The result being, an entangled pair held between ends of the long distance channel. To make
use of entanglement swapping and accomplish this, we must also have a way of establishing the
entangled links over the lossy channels. In first generation repeater protocols, this problem is
solved by use of heralded entanglement generation which involves generating and distributing
entanglement using various techniques [11, 14, 16] and repeating this process until two adjacent
nodes herald successful detection. While this mitigates loss errors, heralded entanglement
generation requires two-way classical communication in order for adjacent nodes to know they
can proceed with entanglement swapping operations.
Entanglement Swapping
The basic method by which entanglement swapping proceeds is as follows: beginning with
two entangled pairs |Φ+〉12 ⊗ |Φ+〉34 shared among three repeater nodes, a local Bell-state
measurement (BSM) is conducted on qubits 2 and 3 and then a Pauli operation {I,X, Z, ZX}
is conducted on qubit 4 (or qubit 1) based on the outcome of the BSM (see Fig. 2.1(a)). This
results in the qubits 1 and 4 being projected into the state |Φ+〉14 and are thus an entangled pair
despite qubits 1 and 4 not originating at the same physical location (see Fig. 2.1(b)). In this
way, entanglement may be distributed over an entire channel of length L if one can establish
N = 2n entangled links connecting the repeater nodes along the channel, each link of length
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(a)
(b)
Figure 2.1: Entanglement swapping [12] is one of the required components in first generation
quantum repeaters. (a) With two entangled pairs |Φ+〉12⊗|Φ+〉34, a Bell-state measurement (BSM) is
conducted on qubits 2 and 3, based on the results of this measurement a Pauli correction (represented
by U) is made to qubit 4. This results in (b) where qubits 1 and 4 are entangled in the state |Φ+〉14.
L/N with n nested entanglement swapping rounds.
The previous example using ideal Bell pairs as entangled links is unrealistic however, due
to imperfect local operations at pair production. A possible model for the errors induced by
imperfect production is that of the Werner state [56]:
ρˆW =
4F − 1
3
|Φ+〉 〈Φ+|+ 1− F
3
I4 (2.22)
which has fidelity F for the required pair |Φ+〉 but also contains a mixture of all the other Bell
states. For the Werner state (2.22), F has to be greater than 1/2 otherwise the pair is not
entangled. Beginning with two Werner pairs, each of fidelity F , the fidelity of the swapped pair
is given by [14]:
Fswap = F
2 +
(1− F )2
3
. (2.23)
The fidelity of the swapped pair Fswap is less than the fidelity of the initial pair F . Thus,
entanglement swapping alone is not enough to distribute entanglement over arbitrary distance,
as eventually enough rounds of swapping imperfect pairs will degrade the entanglement. To
correct these operation errors, first generation quantum repeaters use entanglement purification
protocols [13].
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Figure 2.2: Entanglement purification is required to counter operation errors in first generation
discrete-variable repeaters. CNOT gates are applied to qubits of both entangled pairs, and then one of
the pairs is measured out. Through this protocol [13], two entangled pairs of some fidelity F becomes
a single pair of higher fidelity.
Purification
In entanglement purification protocols [13, 57, 58], an ensemble of noisy entangled states is
manipulated so as to obtain a reduced number of pairs with arbitrarily high purity. The
protocol by Bennett et al. [13] proceeds by distributing two pairs between two repeater nodes.
Within each node, a CNOT gate is applied to the qubit of one pair and the qubit of the second
(see Fig. 2.2). Subsequently, one of the pairs is measured out and the first entangled pair is
kept if the measurement results are the same, but discarded if the measurement results are
different. In this way, two entangled pairs of fidelity F can result in a single entangled pair of
fidelity [13]:
Fpur =
F 2 + 1
9
(1− F )2
F 2 + 2
3
(1− F ) + 5
9
(1− F )2 (2.24)
where the fidelity of the purified pair Fpur is higher than that of the initial two pairs F (where
F > 1/2). Entanglement purification is probabilistic however, and the probability of successful
purification depends on the fidelity of the initial pairs [13],
Ppur = F
2 +
2
3
(1− F ) + 5
9
(1− F )2 . (2.25)
Additionally, two-way classical communication is required for both nodes to be informed of
successful purification.
We have now described all the elements in the original Briegel et al. quantum repeater
protocol. Figure 2.3 shows an example of how this protocol may operate. Initial entanglement
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Figure 2.3: Generation I quantum repeater for discrete variables. This illustration shows how the
repeater protocol from Ref. [11] may operate. Beginning with the initial entanglement distribution
of many entangled pairs between each node, subsequent rounds of entanglement purification and
swapping follow resulting in a single entangled pair held between both ends of a long distance channel.
distribution is followed by one round of purification, taking two entangled pairs to a single
entangled pair of higher fidelity. Following this, a BSM is conducted at the second node and
after the correction depending on the measurement outcome, entanglement is held between the
first and third nodes. Further rounds of entanglement purification and swapping follow. After
all rounds of purification and swapping have succeeded, entanglement is held between both
ends of the long channel.
First generation quantum repeaters necessarily require quantum memories to be able to
preserve entanglement until the heralding signals are received of successful generation or pu-
rification in neighbouring links. A complete quantum repeater protocol was proposed by Duan
et al. [59], known as the DLCZ protocol (for Duan, Lukin, Cirac and Zoller). This proposal
involved atomic ensembles for the quantum memories and linear optics and photon counting for
the operations. Idealised modelling of the DLCZ protocol shows communication time scaling
polynomially with distance, however when memory coherence times are finite it has been shown
to scale exponentially (with the square root of) distance [60].
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Generation II
A significant limitation of the efficiency of first generation repeater schemes is the two-way
classical communication required for both heralded entanglement generation and entanglement
purification. The required signalling means time to purify pairs will increase as distance between
the nodes increases or as nesting level increases. Second generation quantum repeaters improve
efficiency upon their first generation predecessors by using quantum error correction which
requires only one-way classical communication, in place of entanglement purification to correct
operation errors [61–63].
In the scheme of Ref [61], encoded states are first prepared using the Calderbank-Steane-
Shor (CSS) code [64] and stored within memory qubits inside each repeater node. Then, using
heralded entanglement generation, multiple physical entangled Bell pairs are generated between
adjacent nodes of the repeater. To produce Bell pairs of sufficient fidelity, entanglement purifica-
tion may be employed in this step. These entangled pairs are used to apply teleportation-based
non-local CNOT gates [52, 65, 66] to each physical qubit in the encoded block. This results
in encoded Bell pairs being shared between adjacent nodes. The encoded Bell pairs are then
connected via an encoded Bell-measurement and classical error correction is carried out.
The scheme of Ref. [61] reports significant speed improvements upon first generation re-
peater protocols due to replacement of nested entanglement purification with CSS encoding
and classical error correction. Further optimisation of quantum repeaters with encoding was
proposed in Ref. [62], where temporal multiplexing was used to ensure fast entanglement gen-
eration rates between nodes. This scheme also utilises a butterfly design for entanglement
distribution, which is proposed to ensure entanglement generation in the leftmost and right-
most nodes at the same time.
Without the need for purification, second generation repeaters are able to relax the require-
ments on the quantum memory performance. While for first generation, the nested purification
protocols require that quantum memory coherence time be good enough compared to the round
trip time between ends of the network, for quantum repeaters with encoding, the coherence
times of the memories only need to be good enough compared to the generation time between
adjacent nodes [14].
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Generation III
Second generation repeaters saw an improvement in performance in theory by removing the
need for classical messaging between distant nodes, however these protocols still use heralded
entanglement generation to establish the entangled links which requires two-way classical sig-
nalling. This is done to combat loss errors induced by the channel between nodes, however in
order to move to faster schemes, newer repeater protocols utilise quantum error-correction to
encode qubits that are tolerant to loss [63, 67–71]. In this way, the need for two-way classical
signalling between adjacent nodes in first and second generation protocols is replaced with only
one-way signalling needed for error correction.
In the Munro et al. protocol [67], loss is corrected by using the redundant quantum parity
code [72]. In this scheme, transmitting and receiving units at each repeater node hold matter
qubits. From transmitting units, quantum states encoded on the matter qubits are transferred
to photons and propagated through the channel to the receivers. At each receiver, the quantum
state is transferred to another matter qubit and error correction is carried out. While this
scheme requires matter qubits, it is important to note that these matter qubits are not required
to have a coherence time near the trip time between nodes. The matter qubits are utilised to
process quantum information and thus they are not required to serve as quantum memories as
in previous generations. This scheme was later made to be fully fault-tolerant [68].
The Munro et al. protocol is novel because it does not need long-lived quantum memories,
however it still relies on matter qubits as a resource. Alternatively, an all optical repeater was
proposed by Azuma et al. involving the use of single photon sources, detectors, linear optics
elements, and fast active feed-forward [69]. In this scheme, a time-reversal of the DLCZ repeater
is considered where the entanglement swapping is effectively performed before entanglement
generation. The Azuma et al. protocol proceeds by all source nodes generating a cluster
state with halves of the cluster state being sent to adjacent nodes where measurements are
carried out. Thus the preparation of the cluster state simulates entanglement swapping being
performed first, before entanglement is sent between adjacent nodes and represents the time-
reversal nature of this protocol relative the the DLCZ scheme.
Recent schemes for third generation quantum repeaters requiring only linear optics (without
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the need for fast active feed-forward) were presented in Refs. [70, 71, 73]. The work by Lee et al.
[71] presents fundamental bounds on the efficiency of third generation repeaters using only linear
optics and then presents a scheme based on concatenated Bell measurements that saturates this
upper bound. While the second and third generation repeater schemes can in principle achieve
faster rates than first generation, a hidden cost remains as implementing them is technologically
more demanding [15]. This is due to the high fidelity quantum gates required by quantum error
correction. Additionally, node separation for third generation repeaters is necessarily smaller
than first and second generation as error correction cannot be used for arbitrarily high loss
[15]. Optimum repeater node separation for the Azuma et al. scheme has been shown to be at
around 1.5km [74] and the Lee et al. scheme optimises between 1-2km [71].
2.6.2 Hybrid protocols
We have now discussed the progress for repeaters that are designed for discrete variable systems.
Another distinct approach combines discrete and continuous elements to form hybrid quantum
repeaters [75–78]. A novel protocol was presented in Ref. [75] exploiting entanglement between
continuous variable optical states and discrete variable spin states. In this scheme by van Loock
et al., a bright coherent state is distributed between nodes becoming entangled with atoms at
each node. Using efficient homodyne detection, the light can then be measured, thus heralding
entanglement generation between nodes. The original proposal was sensitive to channel loss and
noise, meaning nodes could not be further than 10-20km apart, however this was circumvented
by detection via unambiguous state discrimination at the expense of a lower efficiency [78].
This hybrid quantum repeater protocol was considered with encoding (qubit repetition and
CSS codes) in Ref. [79] to combat memory and gate errors. It was later generalised to be able
to distribute qudit (d dimensional systems) entanglement [80].
3
Error correction on continuous variable states
Error correction is a necessary ingredient in quantum information processing, needed to correct
errors introduced by noise from the environment. In DV systems, this is accomplished by error
correcting codes that encode the quantum state into a larger Hilbert space to make it resilient
to noise [64]. Error correction for two-level systems in particular is a well-studied and mature
field [58, 81–86].
Progress with error correction for CV systems began in 1998 with the CV analogue [87, 88]
of the Shor error correction code for discrete-variable states [81] which has been demonstrated
experimentally [89]. There are quantum error correction codes to protect coherent state qubits
against photon loss [90, 91]. It has also been shown that CV quantum information may be
error corrected with measurement of the environmental leakage modes [92]. Other protocols
can correct Gaussian states against specific non-Gaussian noise [93–95]. Additionally, there are
also protocols to correct non-Gaussian states against Gaussian noise [96, 97].
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Despite these results, there remains the need for protocols which can correct Gaussian states
(such as those used for CVQKD) against Gaussian noise induced by the channel loss associated
with transmission through optical fibres [32]. It is known that error correction of Gaussian noise
on Gaussian states using only Gaussian resources is impossible [98]. Accordingly, to correct
against Gaussian noise on Gaussian states, a non-Gaussian resource is required.
In Ref. [25], a protocol to correct against Gaussian noise induced by loss on Gaussian states
was proposed. While this protocol does not constitute an error correcting code in the traditional
sense, it does reduce the amount of effective loss quantum states have to pass through and is
therefore useful in transmission of not just CV states, but any optical state. This protocol
works by using the noiseless linear amplifier (NLA) [24] to distil entanglement distributed
through the loss channel. The distilled entanglement is then used for CV teleportation [21]
of the input state. The work in Ref. [25] is expanded on in this thesis which examines the
capabilities of the protocol under a variety of realistic conditions. In this chapter, we analyse
and optimise performance of the simplest implementation of this error correction protocol.
Before describing the error correction protocol, we shall review its basic constituents: continuous
variable teleportation and noiseless linear amplification. This chapter is based on publications
[99] and [100]. Sections 3.1-3.3 review relevant literature whilst original research is found in
Sections 3.4-3.7. Sections 3.4, 3.5 and 3.7 are based on Ref. [99] while Section 3.6 is based on
Ref. [100] in collaboration with Spyros Tserkis.
3.1 Continuous variable teleportation
Quantum teleportation was first considered in the context of qubits [49] and then later in the
context of continuous variables [21, 50, 101]. The entangled resource used for teleportation of
continuous quantum variables is the two-mode squeezed vacuum state
|χ〉 =
√
1− χ2
∞∑
n=0
χn |n〉 |n〉 , (3.1)
otherwise known as an Einstein-Podolsky-Rosen (EPR) state. In the protocol by Braunstein
and Kimble [21] (pictured in Fig. 3.1), the sender mixes the input state to be teleported with
one arm of the entangled resource state and conducts a dual homodyne measurement. The
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Figure 3.1: Teleportation of continuous variable states using the two-mode squeezed vacuum state
as the entangled resource. The input state to be teleported is mixed with one arm of the entangled
state and a dual homodyne measurement is performed. The result of this measurement β, is sent via
a classical channel to the receiver who acts a displacement on the other arm of the entangled state
based on the outcome of the measurement β and scaled by a classical gain λ [21].
results of this measurement are sent via a classical channel to the receiver who displaces their
arm of the entangled resource state by the measurement outcome β which can be scaled by a
classical gain λ. CV teleportation was experimentally realised for the first time following the
proposal by Braunstein and Kimble [102]. There have since been many different experiments
achieving successful CV teleportation of coherent states [103–105] and squeezed states [106].
3.2 Noiseless linear amplification
The noiseless linear amplifier was proposed by Ralph and Lund in 2009 and asymptotically
achieves noiseless amplification of quantum states in a probabilistic (but heralded) fashion [24].
The ideal transformation of the NLA performs the following operation to number states
gnˆ |n〉 → gn |n〉 , (3.2)
where g > 1 is the gain of the NLA.
When physically implemented with linear optics, the NLA consists of N modified quantum
scissors devices [26] as shown in Fig. 3.2. The input to the NLA is split evenly on an array of
beam-splitters known as an N-splitter. Each mode is then input into a single modified quantum
scissor device [26] pictured in the yellow inset in Fig. 3.2. The quantum scissor first proposed
by Pegg et al. in Ref. [26] was a method of truncating an optical state to its zero and one
photon components only. In Ref. [24], the quantum scissor was modified by changing the 50:50
beamsplitter that mixes the ancilla photon with the vacuum to a beamsplitter of tunable ratio.
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Figure 3.2: Diagram of the noiseless linear amplifier (NLA) when implemented with linear optics.
An input signal is split on an array of N modified quantum scissors devices (shown in the blue inset).
A single modified quantum scissor is is shown in the yellow inset. Successful operation of the quantum
scissor is heralded when a single photon is detected at Da and none at Db or vice versa. When all
quantum scissors herald successful operation, the output of each quantum scissor is recombined to
produce the amplified output state. The gain of the NLA is controlled by the tunable beam-splitter
ratio ξ within each quantum scissor, related to the gain by g =
√
(1− ξ) /ξ.
Therefore, the ratio of the zero and one photon terms in the output of the quantum scissor may
be adjusted. The gain of the NLA is related to this beamsplitter ratio by
g =
√
1− ξ
ξ
. (3.3)
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Successful operation of a single quantum scissor is heralded when a single photon is detected
at Da and none at Db or vice versa. When all modified quantum scissors in the NLA herald
successful operation, they may be recombined to produce the amplified output state. The
probability of successful operation of the NLA inevitably decreases as gain increases. With
coherent state input |α〉 in the large N limit (N  g |α|), the NLA yields
|α〉 → ξN/2e− 12(1−g2)|α|2 |gα〉 (3.4)
Ideal NLA operation (3.2, 3.4) is achieved as the number of quantum scissors N tends to infinity.
For finite N , this ideal noiseless amplification is only approximated. With higher N comes
a better approximation of the target amplified state, but at the expense of an exponential
decrease in success probability. Operation of the NLA with finite N is discussed further in
Sec. 3.5. Experimental implementations of the NLA using a single quantum scissor have been
demonstrated [107, 108].
While the NLA amplifies quantum states, it is also able to distil a more entangled CV state.
Acting the ideal NLA on one arm of a two-mode squeezed state transforms the state as
gnˆ |χ〉 →
√
1− χ2
∞∑
n=0
gnχn |n〉 |n〉 (3.5)
and thus the squeezing parameter χ has been effectively transformed to χ′ = gχ. With g > 1,
the strength of the entanglement has increased and this has effectively distilled a more entangled
state. The operation χ → gχ is only approximately achieved for finite quantum scissors.
Entanglement distillation via NLA has been experimentally demonstrated [109].
3.3 Error correction protocol
Now that we have discussed continuous variable teleportation and noiseless linear amplification,
we shall review the error correction protocol from Ref. [25] for correcting Gaussian loss on
quantum states. The protocol works to correct loss on quantum optical states by increasing
the effective transmission of the loss channel. This protocol is pictured in Fig. 3.3 and proceeds
as follows:
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1. The sender produces a two-mode Gaussian squeezed state (3.1) and distributes one mode
through the loss channel.
2. The receiver acts a Noiseless linear amplifier [24] on the mode they received that has
been decohered through channel loss to distill the entangled state. As the NLA is non-
deterministic (but heralded), steps 1 and 2 are repeated until the NLA is successful.
3. After successful operation of the NLA, a classical signal is sent from receiver to sender to
notify the sender of the successful outcome. The sender then mixes the input state to be
sent with the entangled state and conducts a dual homodyne measurement. The results
of that measurement are sent via a classical channel to the receiver who then conducts a
displacement according to the result of that measurement.
In the final step of the protocol where the displacement is performed, a classical gain is used
to scale the measurement result and with specific choice of gain [110] the entire channel may
simulate a new loss channel with a lower effective loss [25].
3.4 Ideal NLA
Following the approach used in [111], we begin modelling the error correction protocol with the
generation of a two-mode Gaussian squeezed state
|χ〉RB =
√
1− χ2
∞∑
n=0
χn |n〉R |n〉B . (3.6)
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Figure 3.3: Protocol for quantum error correction of loss on CV states. A two-mode Gaussian
squeezed state is distributed through the lossy channel. The NLA distills the entanglement which is
then used for CV teleportation of the input state.
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An arbitrary input state |ψ〉A is mixed on a 50:50 beam-splitter with mode R. Dual homodyne
detection is then performed on modes A and R where β is detected:
β = X− + iP+, (3.7)
with
Xˆ− = XˆA − XˆR, (3.8)
Pˆ+ = PˆA + PˆR. (3.9)
This dual homodyne detection projects onto the eigenstate [112]:
|β〉AR =
1√
pi
∞∑
n=0
DˆA (β) |n〉A |n〉R . (3.10)
The measurement on modes A and R projects the products state |ψ〉A⊗|χ〉RB into the quantum
state of mode B
|ψ (β)〉B = 〈β|AR [|ψ〉A ⊗ |χ〉RB]
=
√
1− χ2
pi
∞∑
n=0
χn |n〉B A 〈n| DˆA (−β) |ψ〉A , (3.11)
with the measurement probability P (β) given by 〈ψ (β) |ψ (β)〉.
As an example, when the input to the error correction protocol is a coherent state |ψ〉A =
|α〉A, the state (3.11) reduces to a coherent state displaced by −β and scaled by χ.
|ψ (β)〉B = 〈β|AR [|α〉A ⊗ |χ〉RB]
=
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1) |χ (α− β)〉 (3.12)
The next step in the error correction protocol is for the quantum state of mode B to be sent
through the loss channel to the receiver’s laboratory. As the state of (3.12) is a coherent state,
it remains a pure coherent state after pure-loss. With channel transmission η, the amplitude
of the coherent state is scaled by
√
η:
|ψ (β)〉B →
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1) |√ηχ (α− β)〉 . (3.13)
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The receiver then acts an NLA on mode B to noiselessly amplify it. In the following
sections, we will examine operation of the NLA with physical implementations. To illustrate
perfect channel improvement we will first show what happens for ideal operation of the NLA.
When the ideal NLA operates on a coherent state |α〉, it acts to noiseless amplify the coherent
state to another pure coherent state (3.4). This performs the following transformation to the
conditional state of mode B:
|ψ (β)〉 →
√
1− χ2
pi
ξN/2e−
1
2(1−g2)ηχ2|α−β|2e
1
2
|α−β|2(χ2−1) |g√ηχ (α− β)〉 . (3.14)
After the results of the measurement have been communicated to the receiver via a classical
channel, a displacement is performed on mode B by β scaled by a classical gain λ. This gives
the ideal output of the error correction protocol with coherent state input:
|ψideal (β)〉 =
√
1− χ2
pi
ξN/2e−
1
2(1−g2)ηχ2|α−β|2e
1
2
|α−β|2(χ2−1)Dˆ (λβ) |g√ηχ (α− β)〉 . (3.15)
Notice from (3.15) that if we set the classical gain to
λ = g
√
ηχ (3.16)
we recover our coherent state with the amplitude reduced by finite squeezing χ < 1, and
transmission of the loss channel η < 1, but also amplified by the NLA gain g > 1:
|ψideal (β)〉 =
√
1− χ2
pi
ξN/2e−
1
2(1−g2)ηχ2|α−β|2e
1
2
|α−β|2(χ2−1) |g√ηχα〉 . (3.17)
As the state of (3.17) is still a pure coherent state, it can be seen that in these idealised
circumstances of pure-loss and ideal NLA operation, the entire protocol behaves as a pure-loss
channel of effective transmission
ηeff = g
2ηχ2 (3.18)
The goal of this error correction protocol is to improve upon the original loss channel of trans-
mission η. With our input coherent state |ψ〉A = |α〉A, the pure-loss channel acts the following
transformation
|α〉A → |
√
ηα〉A (3.19)
If we are to improve this channel by employing the error correction protocol with an ideal NLA
3.4 Ideal NLA 27
unphysical
NLA
loss channel
1 2 3 4 5 6 7 8
0.005
0.010
0.015
0.020
Figure 3.4: Channel improvement for pure-loss with an ideal (unphysical) NLA. The error correc-
tion protocol shows channel improvement when it produces an effective transmission (purple dashed
line) that is higher than the transmission of the initial loss channel (solid black line). The intensity
gain (x-axis) is the square of the amplitude gain g. With an entangled resource state of χ = 0.5,
channel improvement occurs for g > 2 (g2 > 4). The transmission of the loss channel is η = 0.01.
and perfect sources and detectors, we will produce another pure-loss channel of transmission
given by (3.18). Since loss is the only source of decoherence here, the channel has been improved
if the transmission of the effective channel is greater than that of the initial channel. This
condition reduces to a minimum gain of the NLA that depends on the squeezing of the entangled
resource state:
gmin >
1
χ
(3.20)
As an example, by using an entangled resource state of χ = 0.5, channel improvement can be
achieved for g > 2 and this can be seen in the plot of Figure 3.4. In this plot, the transmission
of the error corrected channel surpasses that of the initial channel at the point g2 > 4. This
result uses an initial loss channel of 100km, the transmission of the channel is given by
η(L) = 10−Lµ/10 (3.21)
where L is the length of the channel and µ fibre loss rate per kilometre which is assumed to be
0.2 dB/km. By (3.21), 100km corresponds to loss of 99% or optical transmission of η = 0.01.
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3.5 Single quantum scissor NLA
In the presence of only pure-loss and an ideal NLA, the conditions for channel improvement
simplify to a minimum gain dependent on the strength of the squeezing in the entangled resource
state (3.20). In this section, we consider physical implementations of the NLA and see that
conditions for channel improvement are not so trivial.
Operation of the protocol in the previous section relies on ideal operation of the NLA
which is unphysical and physical implementations of the NLA (as shown in Fig. 3.2) will only
approximate this transformation. The NLA with finite N may be modelled as a combination
of the noiseless amplification operator gnˆ and a truncation operator ΠˆN :
TˆN = ΠˆNg
nˆ, (3.22)
with ΠˆN given by
ΠˆN =
(
1
g2 + 1
)N
2
N∑
n=0
N !
(N − n)!Nn |n〉 〈n| (3.23)
This operation (3.22) acts the following transformation to an input photon number state |n〉:
|n〉 →
(
1
g2 + 1
)N
2 N !
(N − n)!Nn g
n |n〉 . (3.24)
It can be seen from the form of (3.24), that there are two main effects of finite N implemen-
tations of the NLA, firstly any input optical state is truncated in the photon number basis to
order N , and higher order terms are attenuated from their expected amplitude after noiseless
amplification. These consequences mean that inevitably the state produced after amplification
is not the exact target state. However there are many good reasons to investigate how well
we may be able to improve channels using a small number of quantum scissors. The most
significant reason is efficiency as the NLA is necessarily non-deterministic. Probability of suc-
cessful operation of the NLA depends on the gain and number of quantum scissors (N) and
suffers exponential decrease with the number of quantum scissors. This yields an unavoidable
trade-off between the probability of successful operation and the quality of the approximation
to the correct amplified state. Another reason to examine how much channel improvement can
be achieved through a few quantum scissors is the ease of experimental implementation. In this
thesis, we will predominantly focus on results achieved for the case of the NLA consisting of a
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Figure 3.5: Protocol to correct CV states against loss with the NLA consisting of a single quantum
scissor. The single quantum scissor is shown in the yellow inset.
single quantum scissor as it maximises probability of success. We will show that even in the
case of maximal state truncation, the single quantum scissor may still be useful for quantum
communication.
The single quantum scissor acts the following transformation:
Tˆ1 (α |0〉+ β |1〉+ γ |2〉+ ...)→ 1√
1 + g2
(α |0〉+ gβ |1〉) (3.25)
with all higher order terms truncated. We are now in a position to model how well a pure-loss
channel may be improved when the NLA is implemented with a single quantum scissor. This
protocol is pictured in Fig. 3.5.
As in the previous section, with a coherent state input |α〉A to the protocol, the dual
homodyne measurement projects onto another coherent state, which remains a coherent state
after a pure-loss channel of transmission η. The input to the quantum scissor is (3.13), which
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transforms to
|ψ(β)〉 =
√
1− χ2
1 + g2
1√
pi
e
1
2
|α−β|2(χ2−1−ηχ2) (|0〉+ g√ηχ(α− β) |1〉) (3.26)
after operation of the single quantum scissor with gain g. Again, the last step in the error
correction protocol is a displacement on the output mode by the measurement outcome β
scaled by a classical gain λ. The un-normalised output state of the protocol in Fig. 3.5 is given
by:
|ψout(β)〉 =
√
1− χ2
1 + g2
1√
pi
e
1
2
|α−β|2(χ2−1−ηχ2)Dˆ (λβ) (|0〉+ g√ηχ(α− β) |1〉) (3.27)
3.6 Quantifying channel improvement
For a coherent state input, an ideal NLA, and a pure-loss channel, the error correction protocol
produces a coherent state output as there are no other sources of decoherence in the protocol.
When modelling realistic implementations of the NLA, with a finite number of quantum scissors,
the output state does not remain a pure coherent state. The output state of this protocol
(3.27) is a displaced combination of zero and one photon terms. As the variance is now slightly
increased beyond the noise limit level of a coherent state, we may conclude here that this
increase in variance is solely due to the imperfect noiseless amplification operation that is
performed by the single quantum scissor. The optical state truncation produces an excess noise
which we will label here as truncation noise.
The excess noise introduces a new problem in determining whether the protocol has im-
proved the channel. We may expect an improvement in channel transmissivity via the NLA,
but we may also expect excess noise introduced. Thus, the question of channel improvement
may not be answered as trivially as the condition on minimum NLA gain (3.20). We will need
here, and in the remaining chapters of this thesis a method for determining when we have
improved the channel and by how much.
To this task, we will turn to calculating the amount of entanglement that may be preserved
through the error correction protocol. We will consider the entire error correction protocol
as a quantum channel, and ask the following: given a fixed entangled input state, how much
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Figure 3.6: Quantifying channel improvement by the error correction protocol. (a) A two-mode
squeezed vacuum state of squeezing parameter ζ is distributed through a channel of transmissivity η.
(b) We compare the amount of entanglement resulting from (a) with that resulting from employing
the CV error correction protocol. Realistic implementations of the NLA involve using a finite number
N of quantum scissors which introduces excess noise to the corrected output state. While the protocol
increase effective transmission, it also increases effective noise on the entangled state. Thus, the entire
error correction protocol may be modelled as an effective channel of some transmissivity ηeff followed
by effective added noise δeff .
entanglement may we expect after one arm of the entangled state has passed through the error
correction protocol and we shall compare that to how much entanglement may be present after
the decoherence of the initial loss channel. This is shown in Figure 3.6, where Figure 3.6(a)
shows a two-mode Gaussian squeezed state (|ζ〉 = √1− ζ2∑∞n=0 ζn |n〉 |n〉) with one arm being
passed through a lossy channel through to the receiver. In this case, the amount of entangle-
ment present after the decoherence due to loss is dependent on the squeezing of the initial
entangled state ζ and the transmissivity of the channel η. We will compare this amount of
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entanglement, to that which can be achieved by operating the error correction protocol as
pictured in Figure 3.6(b) with the same entangled input state ζ and the same loss η.
The measure of entanglement we will employ here is the entanglement of formation (EOF)
which constitutes the minimum amount of pure state entanglement needed to prepare the state
[13]. The Gaussian entanglement of formation (GEOF) [113] of two-mode Gaussian states
coincides with the entanglement of formation [114] and can be calculated via [115]:
EF = cosh
2 r0 log2
(
cosh2 r0
)− sinh2 r0 log2 (sinh2 r0) . (3.28)
with r0 given by [116]:
r0 =
1
2
ln
[
1 + ζ
√
η
1− ζ√η
]
(3.29)
where ζ is the strength of the squeezing of the two-mode squeezed vacuum state and η is the
transmission of the channel. Physically, r0 corresponds to the minimum squeezing required to
prepare the state [116].
To evaluate whether the error correction protocol has improved the channel we will calculate
the GEOF of a two-mode squeezed vacuum state passed through a loss channel (Fig. 3.6(a)) by
(3.28) and (3.29). We will compare the GEOF of the loss channel to the GEOF of the same input
state passed through the error correction protocol. As the error correction protocol necessarily
contains a non-Gaussian element (NLA), the GEOF will be measured by calculating the first
and second moments of the output state and then calculating the entanglement of formation
of a Gaussian state with the same covariance matrix. While this method may underestimate
the actual entanglement present in the output state, it will not overestimate the entanglement
because EOF satisfies Gaussian extremality [117]. This is a property that logarithmic negativity
(which is a commonly used entanglement monotone in CV systems for ease of calculation) does
not satisfy [116].
Another reason that GEOF is useful in quantifying channel improvement comes about be-
cause of the effect shown in Fig. 3.7. For the ideal NLA, the point at which channel improvement
occurs (dashed purple line crossing the solid black line) is the same point at which the GEOF
of the entangled resource state used for teleportation has more entanglement than the deter-
ministic bound (dot-dashed, light purple line crossing the red, solid line). The deterministic
bound represents the amount of entanglement that can be preserved by passing an unphysical,
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Figure 3.7: Entanglement of formation of the entangled resource state (dot-dashed, light purple
line) surpasses the deterministic bound (solid red line) at the same point as the EOF of the error
corrected output state (dashed purple line) surpasses that of the loss channel with the same entangled
input state (solid black line). This result is for the ideal (unphysical) NLA, using an entangled resource
state of squeezing χ = 0.5 leads to channel improvement for g2 > 4. The transmission of the loss
channel is η = 0.01.
infinitely squeezed entangled state through the channel. This state is known as the Choi state
[27, 118], calculated via (3.29) with ζ → 1. While Fig. 3.7 shows this effect for a pure loss
channel of transmission η = 0.01, this holds for an ideal NLA operating on thermal channels as
well and offers a way of determining whether the error correction protocol could improve the
channel.
In summary, we will compare the GEOF at the output of the initial loss channel calculated
via (3.28) and (3.29) to the GEOF at the output of the error correction protocol operating to
correct the same loss. This method will be used throughout the remainder of this thesis to
determine the channel improvement capabilities of various implementations of this CV error
correction protocol.
As we have now established a method for analysing improvement of the channel, results
in Fig. 3.8 show the EOF achieved by the error correction protocol (shown schematically in
Fig. 3.6(b)). This result can be calculated in two different ways:
• Calculate the output state of the protocol with a coherent state input (3.27), the first
and second moments (mean and variance) of this output state are averaged over the
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Figure 3.8: Channel improvement from the CV error correction protocol with single quantum
scissor NLA (a) Entanglement of formation of a Gaussian two-mode squeezed state (EPR strength
ζ = 0.5), where one arm is distributed through a loss channel of transmission η = 0.01 (black, solid
line). The dashed, gray line is the EOF achieved by the error correction protocol using an unphysical
NLA with N →∞ quantum scissors. The dot-dashed, green line is the EOF of the protocol operating
with a singled quantum scissor NLA. The squeezing of the entangled resource state is the same as
Fig. 3.4 and 3.7, χ = 0.5. (b) The probability of success of the protocol with a single quantum scissor.
measurement outcome of the dual homodyne detection. This requires integration over
the complex variable β. Use the first and second moments to characterise the equiva-
lent Gaussian channel with effective added noise δeff and effective transmission ηeff (see
Fig. 3.6(b)).
• Calculate the covariance matrix of the entangled resource state used for CV teleportation
in the error correction protocol. This is a two-mode squeezed state |χ〉 where one arm
has passed through a loss channel and been acted on by an NLA. CV teleportation with
a Gaussian resource state can be evaluated by operations on the covariance matrix of
the input state using the known covariance matrix of the entangled resource state. We
assume here that the covariance matrix will transform through CV teleportation in an
equivalent way even though the entangled resource is slightly non-Gaussian.
Both of these methods can then be used to calculate a lower bound of the EOF achieved by
the error correction protocol by calculating the EOF of a two-mode Gaussian squeezed state
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|ζ〉 passing through this effective channel. The former method has been demonstrated in the
previous section, the latter is given in Appendix A.1.1. Both methods have complete agreement
of the first and second moments of the output of the protocol. In this thesis, we have outlined
both methods for limited cases where they both are easily calculable. However, as we will see
in later chapters, there are certain circumstances where one method is easier than the other.
In Fig. 3.8, the EOF that can be distributed through the error correction protocol is shown
with the EOF after the initial loss channel (Fig. 3.6(a)). In Fig. 3.8(a), the dot-dashed, green
line represents the EOF after the error correction protocol and the region above the black line
represents channel improvement. Also shown in Fig. 3.8(a) is the EOF of the protocol using an
unphysical NLA, which represents the same result shown in Fig. 3.4. As discussed in Sec. 3.4,
operation of the unphysical NLA leads to channel improvement for g2 > 4. In the result of
Fig. 3.8(a), this can be seen as the point the EOF of the unphysical NLA surpasses that of the
loss channel. When implemented with a single quantum scissor, the truncation noise introduced
by the quantum scissor means the minimum NLA gain required for channel improvement is
higher than that of the ideal, unphysical NLA. In Fig. 3.8(a), we see channel improvement for
g2 > 7.02. While the unphysical NLA strictly has a probability of successful operation of 0,
the single quantum scissor operating in this protocol yields a success probability given in (A.3)
and shown in Fig. 3.8(b).
3.7 Optimising teleportation gain
In CV teleportation, the measurement results of the dual homodyne detection are classically
communicated to the receiver who then conducts a displacement on the output mode. This
displacement depends on the outcome of the dual homodyne measurement β and a classical
gain λ which scales β accordingly. In Ref. [110], it was shown that λ may be chosen such that
the entire teleportation protocol may simulate a loss channel.
When the CV teleporter is operated in the context of the error correction protocol using an
ideal NLA and pure-loss with no excess noise (such as Sec. 3.4), the optimal gain is that which
simulates a loss channel. This optimal gain is dependent on the squeezing in the entangled
resource state χ, the gain of the NLA g and the channel attenuation between sender and
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Figure 3.9: Improving the protocol by tuning the teleportation gain in the presence of truncation
noise. (a) Entanglement of formation of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5),
where one arm is distributed through a loss channel of transmission η = 0.01 (black, solid line). The
dot-dashed, green line is the EOF of the protocol operating with a single quantum scissor NLA and
classical teleportation gain of (3.16). The entangled resource state of the error correction protocol is the
same as Figs. 3.4 and 3.8, χ = 0.5. The dashed blue line uses a numerically optimised teleportation gain
to produce a higher entanglement of formation and is able to improve the channel over a larger range
of effective transmissions. (b) The success probability for the data presented in (a). By optimising λ,
the NLA gain may be reduced thus leading to an improved success probability.
receiver η, and is given in (3.16). This specific choice of teleportation gain was used to generate
the results in Fig. 3.8 and as shown can improve the channel. However, whether this is the
optimal teleportation gain in the presence of excess noise due to state truncation from the
physical NLA is not so simple. Ideally, we would choose this parameter such that the effective
transmission is maximised while the effective noise is minimised. Since this is not so clear, we
have numerically optimised λ such that the entire protocol produces the maximum EOF for a
given squeezing ζ, where ζ is the squeezing of the entangled state input into the protocol.
Results in Fig. 3.9(a) show the GEOF achieved by the error correction protocol using a
single quantum scissor. The dot-dashed, green line shows what would be achieved using the
teleportation gain optimised for a pure-loss channel, this is the same result as Fig. 3.8(a).
However, in the presence of truncation noise caused by the single quantum scissor, we may
achieve a better outcome by adjusting the teleportation gain. The dashed blue line in Fig. 3.9
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Figure 3.10: When the NLA consists of a single quantum scissor, entanglement of formation of
the entangled resource state surpasses the deterministic bound at the same point that the EOF of
the error corrected output state surpasses that of the loss channel with the same entangled input
state. Operation of the error correction protocol has been numerically optimised over the classical
teleportation gain λ to produce the highest EOF at each point. Here we have used an entangled
resource state of squeezing χ = 0.5, transmission of the loss channel is η = 0.01. The error corrected
output and loss channel EOF have been shown here for a Gaussian two-mode squeezed state input
of squeezing ζ = 0.5. The minimum gain g for channel improvement depends on χ and (because of
the single quantum scissor NLA) also on η, for our chosen parameters channel improvement occurs at
g2 > 5.43 for any input ζ.
shows what may be achieved when EOF is optimised, where λopt has been numerically optimised
for each data point. For these parameters, the optimal value λopt turns out to be slightly higher
than that of the loss channel condition (λ = g
√
ηχ).
We have plotted entanglement of formation and probability of success against the effective
channel transmission in Fig. 3.9 to show that for a given effective channel transmission achieved
by the error correction protocol, you can achieve a higher EOF and a higher success probability
simultaneously. Thus, by optimising the teleportation gain λ for the presence of the truncation
noise we have unambiguously improved the error correction protocol.
The optimisation of the classical teleportation gain λ also means that we can find the true
minimum NLA gain required to demonstrate channel improvement. In Fig. 3.8(a) we saw that
while the ideal, unphysical NLA shows channel improvement for g2 > 4, the physical, single
QS NLA shows channel improvement for g2 > 7.02. In Fig. 3.10, we have used the same
parameters as Fig. 3.8(a) however with a numerically optimised teleportation gain, we see that
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channel improvement can occur for g2 > 5.43. This point is indicated on Fig. 3.10 as the point
at which the dashed, dark blue line passes the black solid line.
We also see in Fig. 3.10, that the previously described effect witnessed in Fig. 3.7 holds for
the non-Gaussian single quantum scissor NLA operation. In Fig. 3.7, we saw that the EOF
of the entangled resource state surpasses the deterministic bound at the same NLA gain that
the EOF of the error corrected output state surpasses that of the initial loss channel. Thus,
by characterising the entangled resource state and verifying whether it surpasses the determin-
istic bound, one can predict whether the error correction protocol could demonstrate channel
improvement. The EOF of the entangled resource state has been calculated by finding the
covariance matrix of this state (A.11), details of this calculation are given in Appendix A.1.1.
Without the optimised teleportation gain, when the NLA is implemented with a single quan-
tum scissor these points do not agree. As indicated on Fig. 3.10, the entangled resource state
surpasses the deterministic bound for g2 > 5.43, and the numerically optimised error correction
protocol shows channel improvement for g2 > 5.43. This minimum gain depends on the channel
transmission η and the squeezing in the entangled resource state χ. Numerical investigation
shows these points agree for all χ and η. Therefore, we see that characterising the entan-
gled resource state used for teleportation (and whether its EOF can surpass the deterministic
bound) can be used to determine whether the error correction protocol can demonstrate channel
improvement.
In summary, in this chapter we have reviewed the error correction protocol to correct CV
states against Gaussian loss presented in Ref. [25]. Due to the state truncation that occurs
in physical implementations of the NLA, quantifying channel improvement achieved by the
protocol is not so simple and we have presented a method here to achieve that using a lower
bound of the EOF that can be distributed by the protocol. Lastly, we have shown that by
adjusting the classical gain of the CV teleporter, the outcome of the error correction protocol
may be significantly improved in the presence of this state truncation.
4
Continuous variable error correction variations
In the previous chapter, we explored the effects of the single quantum scissor NLA on the
channel improvement capabilities of the CV error correction protocol from Ref. [25]. In this
chapter, we look at three principle variations of this implementation. Firstly, we present results
showing that this error correction protocol may be useful to correct a small amount of Gaussian
thermal noise. Then, we examine how error correction may be improved by employing more
quantum scissors in the NLA, albeit at the cost of a reduced probability of success. Lastly,
we investigate the effects of an additional state truncation on the error corrected output state
and whether this may be useful. In the first two sections of this chapter, we utilise the method
outlined in Sec. 3.6 to quantify channel improvement and assess the error correction capabilities
under various circumstances. All sections in this chapter contain original research. Section 4.1
is based on Ref. [100] in collaboration with Spyros Tserkis.
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Figure 4.1: The error correction protocol with a single quantum scissor can be used to correct a
small amount of thermal noise on the channel.
4.1 Error correction of thermal noise
This thesis primarily focuses on improving bosonic pure-loss channels. However, the CV error
correction protocol from Ref. [25] with the NLA implemented via a single quantum scissor
can also be used to correct Gaussian thermal-loss channels. In these channels, the signal is
attenuated and combined with thermal noise [32],
xˆ→ √ηxˆ +
√
1− ηxˆth (4.1)
with xˆth corresponding to a thermal state with average photon number n. The bosonic pure-
loss channel explored in all other sections of this thesis is a special case of (4.1) with n = 0.
The basic set-up is shown in Fig. 4.1 and is similar to the the protocol discussed in the
last chapter, however the channel between sender and receiver is now a thermal-loss channel
with some attenuation η and thermal noise n. It is through this channel that the two-mode
squeezed vacuum state of strength χ is distributed from sender to receiver. In analysing the
capability of this protocol to error correct this channel we will follow the methods discussed
in Sec. 3.6, where we evaluate the Gaussian entanglement of formation (GEOF) that can be
distributed through the thermal-loss channel and compare that to the GEOF through the error
correction protocol. To evaluate the GEOF that is achieved by the error correction protocol, we
can (as discussed in Sec. 3.6) use two different methods which for Gaussian operations would
be completely equivalent:
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Figure 4.2: Entangled resource state with one arm passed through a Gaussian thermal-loss channel
and a single quantum scissor NLA.
• Calculate the output state of the protocol using a coherent state input. Use this output
state to calculate the first and second moments of the output averaged over the dual
homodyne measurement outcome, then using the first and second moments construct an
effective channel. Using this effective channel, we can calculate the GEOF of a two-mode
squeezed vacuum input state (squeezing parameter ζ) where one mode has passed through
the channel.
Or
• Calculate the covariance matrix of the entangled resource state before teleportation; that
is the two-mode squeezed vacuum state where one mode has passed through a Gaussian
thermal-loss channel and then a single quantum scissor NLA. Use this covariance matrix
to calculate the GEOF of a two-mode squeezed input state (squeezing parameter ζ)
teleported using this entangled resource state.
The former method is given in Appendix A.2, while the latter will be demonstrated in this
section. Comparing these approaches confirms that the Gaussian approaches are consistent for
this circuit. In order to calculate the covariance matrix of the entangled resource state before
teleportation, we must find how a two-mode squeezed vacuum state:
|χ〉RB =
√
1− χ2
∞∑
n=0
χn |n〉R |n〉B (4.2)
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transforms when one mode is passed through a Gaussian thermal-loss channel and single quan-
tum scissor NLA. The thermal-loss channel may be modelled as shown in Fig. 4.2 via interaction
with one arm of another two-mode squeezed vacuum state:
|γ〉DE =
√
1− γ2
∞∑
m=0
γm |m〉D |m〉E (4.3)
This is because tracing out one mode of a two-mode squeezed vacuum yields a thermal state
[32]:
ρˆE = TrD [|DE |γ〉 〈γ|DE] = ρˆth (4.4)
where the squeezing parameter γ is related to the average photon number of the thermal state:
γ =
√
n
n+ 1
(4.5)
After interaction with the two-mode squeezed vacuum state |γ〉DE through a beamsplitter of
transmission η, and operation of the single quantum scissor (3.25), the entangled resource state
|χ〉RB becomes:
|χout〉RBDE =
√
(1− χ2) (1− γ2)
1 + g2[ ∞∑
n=0
∞∑
m=0
χnγm√
m!n!
(1− η)n/2 ηm/2
√
(m+ n)! |0〉B |n〉R |m〉D |n+m〉E
+
∞∑
n=1
∞∑
m=0
χnγm√
m!n!
gn
√
η (1− η)(n−1)/2 ηm/2
√
(m+ n− 1)! |1〉B |n〉R |m〉D |m+ n− 1〉E
+
∞∑
n=0
∞∑
m=1
χnγm√
m!n!
gm (1− η)n/2
(
−
√
1− η
)
η(m−1)/2
√
(m+ n− 1)! |1〉B |n〉R |m〉D |m+ n− 1〉E
]
(4.6)
The output state (4.6) is expressed here using the environment modes D and E for the sake of
brevity. The state of modes R and B can be found via:
ρˆRB = TrDE [|RBDE |χout〉 〈χout|RBDE] (4.7)
Using (4.6) we can find the covariance matrix of the entangled resource state used for tele-
portation. Recall that the initial two-mode squeezed vacuum state (4.2) has standard form
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covariance matrix given by:
σ =

a 0 c 0
0 a 0 −c
c 0 b 0
0 −c 0 b
 (4.8)
with
a =
1 + χ2
1− χ2 b =
1 + χ2
1− χ2 c =
2χ
1− χ2 (4.9)
From (4.6), the covariance matrix is transformed under a Gaussian thermal-loss channel and
single quantum scissor NLA to:
a =
2 (g2 + 1) (η − 1)n− 2
χ2 (ηg2 + η − 1) + (g2 + 1) (η − 1)n (χ2 − 1) + 1 +
4− 4(η − 1)n
(η − 1)χ2 + (η − 1)n (χ2 − 1) + 1 − 1
b =
χ2 (3ηg2 + η − 1) + (3g2 + 1) (η − 1)n (χ2 − 1) + 1
χ2 (ηg2 + η − 1) + (g2 + 1) (η − 1)n (χ2 − 1) + 1
c =
2g
√
ηχ
χ2 (ηg2 + η − 1) + (g2 + 1) (η − 1)n (χ2 − 1) + 1 (4.10)
where in place of γ, we use the average photon number of the thermal state n. As we now have
the covariance matrix of the entangled resource state, we can calculate the output variance of
the protocol when teleporting any input state. CV teleportation with a Gaussian entangled
resource state is equivalent to a Gaussian channel [110]. We assume the covariance matrix of
the input state will transform in an equivalent way even though the resource state is slightly
non-Gaussian. For a two-mode Gaussian state σin, operating a Gaussian channel on one mode
yields the following transformation:
σT = (1⊗X)σin (1⊗X)T + (0⊗ Y ) . (4.11)
For phase-insensitive, single-mode channels X and Y are given by
X =
√
τ1 Y = y1 (4.12)
With a covariance matrix of standard form (4.8), CV teleportation behaves as a Gaussian
channel of form (4.12) with:
τ = λ2 y = λ2a− 2λc+ b (4.13)
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Figure 4.3: Channel improvement using the error correction protocol on a thermal-loss channel.
The solid black line is the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5) where
one arm is distributed through a thermal-loss channel with transmission η = 0.01 and average photon
number of the thermal state n = 0.001. The solid blue line is the EOF achievable using the error
correction protocol with a single quantum scissor operating on the same thermal-loss channel. The
entangled resource state in the CV teleporter uses EPR strength χ = 0.5.
where λ is the classical gain which scales the measurement outcome β when the displacement is
performed as the last step in the teleportation protocol. In (4.13), a, b and c are the covariance
matrix elements of the entangled resource state given in (4.10). Importantly, results from
(4.13) and (4.10) have complete agreement with the coherent state evolution method given in
Appendix A.2.
As we have now characterised how the entire error correction protocol pictured in Fig. 4.1
transforms any input state, we can examine how well it can be used to improve a Gaussian
thermal-loss channel by comparing the GEOF of a two-mode squeezed vacuum state after the
error correction protocol to the GEOF of the same state after the thermal-loss channel. These
results have been presented in Fig. 4.3 where the GEOF of the error correction protocol has
been optimised over the teleportation gain λ for each point (see Sec. 3.7). As can be seen
in Fig. 4.3, for a small amount of thermal noise (n = 0.001) the protocol with only a single
quantum scissor can improve the channel.
For the effect of various levels of thermal noise, see Fig. 4.4. Again, this result shows the
GEOF achieved by optimising classical teleportation gain. We can observe here as expected,
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Figure 4.4: Channel improvement with varying thermal noise levels. The opaque, coloured lines
represent the EOF of a Gaussian two-mode squeezed vacuum state (EPR strength ζ = 0.5) transmitted
though the error correction protocol with a single quantum scissor NLA, entangled resource state of
squeezing χ = 0.5, over a thermal-loss channel with transmission η = 0.01. The dashed lines represent
regions where the gain is insufficient to improve the channel, whilst the regions of solid lines have
the EOF of the error corrected channel greater than that of the same state passed through the same
thermal-loss channel. The purple, dark blue and light blue lines vary only the amount of thermal
noise on the channel with n = 0.0001, 0.001 and 0.03 respectively. Transparent lines of each colour
represent the EOF of the same state ζ = 0.5 after each thermal-loss channel.
that with the least amount of noise shown on Fig. 4.4 (purple line with n = 0.0001), the
amount of demonstrable channel improvement is the most significant. That is, the achievable
difference between the EOF of the Gaussian two-mode squeezed vacuum state through the error
correction protocol (opaque purple line) and the EOF of the same state through the thermal-
loss channel (transparent purple line) is significantly larger than the achievable difference for
n = 0.003. Further, for the parameters used in Fig. 4.4, channel improvement cannot be
achieved for n > 0.0045. Thus, while we have shown here that the error correction protocol
can be used to improve thermal-loss channels with a small amount of thermal noise, it cannot
be used successfully for arbitrarily noisy channels.
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Figure 4.5: The error correction protocol with the NLA consisting of two quantum scissors.
4.2 Two quantum scissor NLA
With the exception of this section, results contained in this thesis examine how much we can
achieve when the NLA consists of a single quantum scissor. The reason for this emphasis on the
single quantum scissor NLA is two-fold: it represents the best probability of success and also
by far the easiest experimental implementation. We have already shown and will show further
cases where the single quantum scissor may be employed to demonstrate channel improvement.
However, when used in conjunction with the error correction protocol of Ref. [25], channel
improvement using only a single quantum scissor is generally limited to high-loss regions. If
one wishes to employ this error correction protocol to correct channels of higher transmission
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(less distance through fibre), more quantum scissors in the NLA is necessary.
For the NLA to be constructed of more than one quantum scissor requires the input state
to be split evenly using an N-splitter, each mode is then passed through its own quantum
scissor operation, and when all the quantum scissors herald successful operation the modes are
coherently recombined using another N-splitter to form the amplified output state (see Fig. 3.2).
Additionally, all quantum scissors need to herald successful operation for the entire NLA to
succeed. This means the probability of success of the NLA suffers an exponential decrease with
number of quantum scissors. In this section, we examine this drawback as well as the benefit
of employing an NLA consisting of two quantum scissors in this error correction protocol.
The error correction protocol with an NLA consisting of two quantum scissors is pictured
in Fig. 4.5. With only a single quantum scissor, the NLA enacts the following transformation
in the fock basis:
Tˆ1 (α |0〉+ β |1〉+ γ |2〉+ δ |3〉+ ...)→ 1√
1 + g2
(α |0〉+ gβ |1〉) (4.14)
With two quantum scissors, the NLA transforms an input state as:
Tˆ2 (α |0〉+ β |1〉+ γ |2〉+ δ |3〉+ ...)→ 1
1 + g2
(
α |0〉+ gβ |1〉+ g
2
2
γ |2〉
)
(4.15)
There are a couple of things to note about the transformation (4.15) compared with (4.14).
Firstly, the probability of success decrease can be seen as the pre-factor 1√
1+g2
becomes 1
1+g2
for
two quantum scissors. Secondly, the two quantum scissor operation keeps the two-photon term
|2〉 and truncates all higher order terms. However, this term is not exactly scaled for perfect
noiseless amplification which would be
gnˆ |n〉 → gn |n〉 (4.16)
The amplitude on the two-photon term is half of what it should be for perfect noiseless am-
plification (4.16) and this is a side effect of the lower number of quantum scissors in the NLA.
For higher N , the transformations of the two and higher order fock terms better approximates
(4.16).
With that being said, the preservation and amplification of the two-photon term that is
achieved by the two quantum scissor NLA is enough to make a significant decrease to the
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excess noise produced in the error correction protocol. To demonstrate this we shall follow
the method outlined in Chapter 3, whereby evolution of a coherent state through the error
correction protocol is calculated. The first and second moments of the state (after integration
over the measurement outcome β) can be used to form an effective channel, then we can
calculate how much entanglement would be preserved through this channel. Details of this
calculation are contained in Appendix A.3. With coherent state input |α〉 and a pure-loss
channel of transmission η, the error correction protocol produces an un-normalised output
state of
|ψ (β)〉 = 1
g2 + 1
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1−ηχ2)Dˆ (λβ)(
|0〉+ g√ηχ(α− β) |1〉+ g
2ηχ2 (α− β)2
2
√
2
|2〉
)
(4.17)
where λ is the classical gain applied to the measurement outcome at the displacement and χ
is the squeezing of the entangled resource state. The variance of this output state (4.17) after
integration over the measurement outcome β is
V2QS =
1
((η − 1)χ2 + 1) (χ2 (η (g2 + 2)− 2) + 2)2
× [2λ2 (χ4 (2η + 3ηg2 − 2) (η (g2 + 2)− 2)+ 8χ2 (η + ηg2 − 1)+ 4)
−16λ√ηgχ ((η − 1)χ2 + 1) (χ2 (η + ηg2 − 1)+ 1)
+
(
(η − 1)χ2 + 1) (χ2 (2η + 5ηg2 − 2)+ 2) (χ2 (η (g2 + 2)− 2)+ 2)] (4.18)
The variance (4.18) is then used to calculate the EOF of a two-mode squeezed vacuum state
distributed through the protocol and compare that with the EOF of the same state through
the pure-loss channel. This result is shown in Fig. 4.6 which has, as well as all results in
this section, optimised the GEOF over teleportation gain λ. In Fig. 4.6(a), we see that an
additional quantum scissor has a significant increase on the EOF that can be achieved using
the error correction protocol. This increase is due to the reduced excess noise that occurs from
the state truncation as the amplified state now preserves the two-photon |2〉 term (albeit at
half of its ideal amplitude). This reduction in excess noise comes at the expected price of a
reduced success probability of the NLA and this is shown in Fig. 4.6(b).
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Figure 4.6: Comparing channel improvement for a pure-loss channel of transmission η = 0.01
with NLAs consisting of one and two quantum scissors. (a) The solid black line shows the EOF of a
Gaussian two-mode squeezed vacuum state (EPR strength ζ = 0.5) distributed through the pure-loss
channel. The dashed red and solid blue lines show the EOF achieved with the error correction protocol
utilising two and one quantum scissors in their respective NLAs. Both lines use an entangled resource
state of squeezing χ = 0.5. (b) Employing more quantum scissors in the NLA means an inevitable
decrease in success probability.
The results shown in Fig. 4.6 show the improvement that is achievable with an additional
quantum scissor operating in the error correction protocol for a pure-loss channel of transmission
η = 0.01 which corresponds to 100km of optic fibre. However, this is well within the region
of demonstrable channel improvement using a single quantum scissor. More quantum scissors
might be necessary is if one wished to error correct a channel of higher transmission. In
Fig. 4.7, we show the channel improvement for a pure-loss channel of transmission η = 0.05
which corresponds to approximately 65km of optic fibre. In this case, while the two quantum
scissor NLA can demonstrate channel improvement, the single quantum scissor NLA cannot
operate with sufficiently low excess noise to improve the channel (for these parameters).
A way to reduce the noise incurred by the truncation in the single quantum scissor is to
reduce the squeezing in the entangled resource state. This reduced squeezing has the effect that
a higher gain is necessary to improve the channel. This can be seen in Fig. 4.8 which examines
channel improvement for the same pure-loss channel as Fig. 4.7 of η = 0.05. However, in
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Figure 4.7: Comparing channel improvement for a pure-loss channel of transmission η = 0.05
with NLAs consisting of one and two quantum scissors. (a) The solid black line shows the EOF of a
Gaussian two-mode squeezed vacuum state (EPR strength ζ = 0.5) distributed through the pure-loss
channel. The dashed purple and solid light blue lines show the EOF achieved with the error correction
protocol utilising two and one quantum scissors in their respective NLAs. Both lines use an entangled
resource state of squeezing χ = 0.5. (b) Probability of success for the result shown in (a).
Fig. 4.8 the two quantum scissor error correction protocol uses the same entangled resource
state squeezing of χ = 0.5 whereas the single quantum scissor protocol uses a reduced squeezing
of χ = 0.2. We can observe that with minimum gain of g2 > 121, the single quantum scissor
can achieve channel improvement. The point at which channel improvement occurs for the
error correction protocol with one quantum scissor is
P1QS = 0.0104 (4.19)
while the two quantum scissor protocol achieves channel improvement with success probability
of:
P2QS = 0.0182 (4.20)
In summary, as a result of using two quantum scissors in the NLA instead of one, a higher EOF
can be obtained as a result of the lower excess noise due to truncation. Additionally, the error
correction protocol is able to show channel improvement at higher transmission (less loss) than
what is required for the single quantum scissor. The unfortunate cost is the significant decrease
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Figure 4.8: Comparing channel improvement for a pure-loss channel of transmission η = 0.05
with NLAs consisting of one and two quantum scissors using entangled resource states of different
squeezing. (a) The solid black line shows the EOF of a Gaussian two-mode squeezed vacuum state
(EPR strength ζ = 0.5) distributed through the pure-loss channel. The dashed purple line uses a two
quantum scissor NLA with entangled resource state of χ = 0.5. The solid light blue line uses a single
quantum scissor with entangled resource state of χ = 0.2. (b) Probability of success for the result
shown in (a).
in the probability of success that comes with operating more quantum scissors.
4.3 Error correction with truncation
The last variation of the CV error correction protocol we consider in this chapter is the addition
of a state truncation in the photon number basis as the last step of the protocol. Recall that
the quantum scissor as part of the NLA has a tunable beam-splitter whose ratio controls the
gain of the NLA (see Fig. 3.2). If this beam-splitter ratio is ξ = 1/2 the quantum scissor does
not adjust the ratio of the zero and one photon components of the state, it simply truncates
all terms of order two and higher. This was the original proposal of the quantum scissor by
Pegg et al. [26].
Our goal with this set up of the error correction protocol (shown in Fig. 4.9) is to utilise
the state truncation to clean up erroneous higher order terms. Intuitively, we expect that this
would be advantageous for small amplitude input states but not necessarily for large amplitude
52 Continuous variable error correction variations
Figure 4.9: The error correction protocol with the single quantum scissor and additional quantum
scissor of g = 1 for state truncation.
input states. Modelling the protocol in Fig. 4.9 follows simply on from the results of Sec. 3.5.
Recall that with a pure-loss channel and a single quantum scissor, the un-normalised output of
the error correction protocol (3.27), is given by:
|ψout(β)〉 =
√
1− χ2
1 + g2
1√
pi
e
1
2
|α−β|2(χ2−1−ηχ2)Dˆ (λβ) (|0〉+ g√ηχ(α− β) |1〉) (4.21)
The displacement operator acts on the |0〉, |1〉 states as:
Dˆ(λβ) |0〉 = |λβ〉 = e−|λβ|2/2 (|0〉+ λβ |1〉+ ...) (4.22)
Dˆ(λβ) |1〉 = e−|λβ|2/2 (−λβ∗ |0〉+ (1− |λβ|2) |1〉+ ...) (4.23)
where (B.42) and (B.43) have only been expanded to the |1〉 photon term because all higher
order terms will be truncated by the scissor. The last step with the quantum scissor of g = 1
enacts the following truncation:
Πˆ1 =
√
1
g2 + 1
(|0〉 〈0|+ |1〉 〈1|) = 1√
2
(|0〉 〈0|+ |1〉 〈1|) (4.24)
The un-normalised output state of the protocol shown in Fig. 4.9 is:
|ψout(β)〉 =
√
1− χ2
1 + g2
1√
2pi
e
1
2
|α−β|2(χ2−1−ηχ2)e−|λβ|
2/2
{
[1 + g
√
ηχ(α− β) (−λβ∗)] |0〉+ [λβ + g√ηχ(α− β)(1− |λβ|2)] |1〉} (4.25)
Using (4.25), we can calculate the variance and average (integrate) over the measurement
outcome β. Unlike all other results of this CV error correction protocol in this thesis, the
output variance after integration over β is still dependent on the input state α. While this
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Figure 4.10: The effect of an additional state truncation on the error correction protocol. (a)
Variance of the CV error correction protocol with additional state truncation for coherent state input
and fixed gain g2 = 5. The solid blue line represents the variance of the error correction protocol
(Fig. 3.5) with a coherent state input (independent of α). The dashed red line represents the variance
of the error correction protocol with an additional quantum scissor of g = 1 for state truncation
(Fig. 4.9). Both lines use the same pure-loss channel of η = 0.01 and entangled resource state of
χ = 0.5. (b) The additional state truncation does attenuate the state somewhat as we see here
comparing 〈Xˆ〉 of the output state from the protocols with and without truncation using the same
parameters as (a). However, this effect is minimal for the regime where this technique would be useful.
is the expected outcome, it means that we can no longer assess channel improvement using
the GEOF and the same method used throughout the rest of this chapter. Instead, we shall
compare the output variance of the truncated protocol (Fig. 4.9) to the original error correction
protocol without additional state truncation (Fig. 3.5). For fixed gain (g2 = 5) this result is
shown in Fig. 4.10(a). It can be seen here, that for this particular gain (and these parameters),
that coherent states of input larger than |α| > 1.36 produce a larger variance and thus larger
excess noise through the protocol with state truncation. The result in Fig. 4.10(a) importantly
demonstrates that for small amplitude coherent states, adding an additional state truncation
yields less excess added noise from the protocol.
The total amount of excess noise does however increase with the gain of the first quantum
scissor as demonstrated in Fig. 4.11. Here we compare for various amplitude input states, the
output variance of the error correction protocol. The result in Fig. 4.11 shows that the excess
noise produced by the protocol with truncation is compounded by both increasing amplitude
of the input state and increasing gain of the first quantum scissor.
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Figure 4.11: Variance of the CV error correction protocol with additional state truncation for
coherent state input. The solid blue line represents the variance of the error correction protocol
(Fig. 3.5) with a coherent state input. The dashed lines correspond to the output variance of the
protocol with additional quantum scissor for state truncation (Fig. 4.9). The dashed red, purple,
green and light blue lines correspond to input states of average photon number |α| = 0.5, 1, 1.5 and
2 respectively. All lines use the same pure-loss channel of η = 0.01 and entangled resource state of
χ = 0.5.
As a result of the additional state truncation, the mean value of the output state is reduced
slightly. However, this reduction is minimal when the parameters α, η, g, and χ are kept small.
This effect can be seen in Fig. 4.10(b) comparing 〈Xˆ〉 of the output state from the protocols
with and without truncation. We see here as |α| increases, there is a slight attenuation from the
extra quantum scissor. However, there is good agreement in the regime where this technique
is useful, i.e. α being kept small.
In this chapter we have examined three variations of how the CV error correction protocol
of Ref. [25] may be used. First, we showed that the error correction protocol with only a single
quantum scissor can be useful in correcting not just pure-loss channels, but also Gaussian
thermal-loss channels. However, for the single quantum scissor NLA, this ability to error
correct thermal-loss is limited to channels with only a small amount of thermal noise.
We then examined the difference in outcome if the error correction protocol used an NLA
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consisting of two quantum scissors instead of the single quantum scissor case that is primar-
ily considered in this thesis. The two quantum scissor NLA yields an output state that has
significantly less excess noise due to truncation than the single quantum scissor NLA. Conse-
quently, while the single quantum scissor NLA is restricted in usefulness to channels of very
low transmission, the two quantum scissor NLA may be employed to correct channels of higher
transmission. The cost of this advantage is the success probability of the NLA which decreases
exponentially with number of quantum scissors.
Lastly, we have demonstrated a way to reduce the excess noise that is introduced by the
single quantum scissor of the CV error correction protocol using an additional quantum scissor
to truncate the state. While this has shown to be effective at reducing noise for small amplitude
input states, the applicability of this technique is limited to regimes of high loss, low squeezing
in the entangled resource state and low gain of the first quantum scissor. In practice, this would
also carry an extra 50% penalty in the probability of success of preparing the resource state.
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5
Modelling experimental error correction
While we have already explored the various capabilities of the error correction protocol when
implemented with a single quantum scissor, there remains the question of whether or not it can
be implemented experimentally with current technology. In this chapter, we model operation
of the error correction protocol with various imperfect elements to answer this question.
Individually, the components of the error correction protocol have been demonstrated ex-
perimentally. Continuous variable teleportation of quantum states has been performed [102].
The single quantum scissor NLA has been implemented [107, 108, 119], and the NLA has been
shown to distil CV entangled states that have passed through optical loss [109]. However, it has
not yet been shown if these elements are implemented together as in the protocol of Ref. [25],
they can provide useful channel improvement. There are a few reasons why this may not be
so clear. Firstly as shown in Chapter 3, any finite number of quantum scissors in the NLA
implementation will inevitably add noise to the error corrected output state. Additionally,
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Figure 5.1: Error correction protocol with single quantum scissor NLA. Inefficiencies in the single
photon source, detectors and homodyne detection (denoted by gray, curved lines) could affect the
ability of the protocol to improve loss channels.
each quantum scissor has one single photon source and two single photon detectors. Detection
and source inefficiency may add noise to the error corrected output and impede the effort to
improve the channel using this protocol.
We will model inefficient single photon sources and detectors in the NLA and examine how
it affects channel improvement abilities for the entire error correction protocol. We will also
model inefficient homodyne detection in the CV teleporter. Fig. 5.1 shows a schematic diagram
of the error correction protocol with a single quantum scissor NLA. The various sources of
inefficiency considered in this Chapter have been indicated. As in Chapter 3, we will examine
how well this protocol may be able to improve a pure loss channel with only a single quantum
scissor, now in the presence of imperfect sources and detectors. This chapter is based on the
publication [99]. All sections in this chapter contain original research.
5.1 Inefficient single photon source
The single quantum scissor implementation of the NLA requires an ancilla photon in its oper-
ation. There are many different factors that could affect the efficiency of emission the single
5.1 Inefficient single photon source 59
70%
50%
30%
un
it e
ffic
ien
cy
1 2 3 4 5
1
2
3
4
5
(a)
n=0.2
n=0.4
n=0.6
un
it e
ffic
ien
cy
1 2 3 4 5
1
2
3
4
5
(b)
Figure 5.2: Saturation of the gain g due to the inefficient single photon source in a single quantum
scissor. The blue, solid lines on (a) and (b) represent the actual gain for source efficiency of 70% and
average photon number of the qubit input to the quantum scissor n = 0.2. In (a), all solid lines use
the same size input state n = 0.2. The green line shows the actual gain for a 50% source while the
red line uses a 30% source . In (b), all solid lines the same source efficiency of 70%. The yellow line
uses a qubit input with average photon number n = 0.4 while the purple line uses n = 0.6.
photon depending on how the source is implemented [120]. Here we denote the total probability
that a single photon is emitted from the source when required as ε.
In the experimental work of Refs. [107] and [108], it was noted that inefficient single photon
sources lead to a gain saturation effect. That is, the maximum achievable gain will depend on
the efficiency of the source. For a qubit input of |0〉+ a |1〉 to the quantum scissor, the output
of the scissor with an inefficient source is:
ρˆ = N
[
ε
(√
ξ |0〉+
√
1− ξa |1〉
)(√
ξ 〈0|+
√
1− ξa∗ 〈1|
)
+ (1− ε) |a|2 |0〉 〈0|
]
(5.1)
which is a combination of the correctly amplified state and the vacuum. In (5.1), ε is the
efficiency of the source, ξ is the transmissivity of the tunable beamsplitter used to control the
gain of the NLA and N is a constant needed for normalisation. From 5.1, the actual gain can
be found by taking the ratio of the |0〉 and |1〉 terms giving:
g2 =
(
1
1 + 1−ε
εξ
|a|2
)
1− ξ
ξ
(5.2)
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Figure 5.3: Channel improvement with an inefficient single photon source. The black, solid line
represents the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5), where one arm
is distributed through a loss channel of transmission η = 0.01. The gray, dashed line shows the EOF
of the error correction protocol (with EPR resource state of χ = 0.5) with a single quantum scissor
which has a single photon source of unit efficiency. The blue, green and red lines show the EOF for
70%, 50% and 30% respectively.
Notice by comparison with (3.3), that the effect of non-unit source efficiency (ε < 1) is that the
actual gain is less than what it should be. With an inefficient source, the actual gain is reduced
not only by the efficiency of the source ε but also the size of the input state. This is shown
in Fig. 5.2 where (5.2) has been plotted. In Fig. 5.2(a), decreasing the source efficiency causes
the actual gain to be lower than the expected gain, and also to saturate at some point which
depends on the efficiency. This effect is compounded for larger input states to the quantum
scissor as can be seen in Fig. 5.2(b), where for the same source efficiency of 70%, an increase
in the average photon number of the qubit input state from n = 0.2 to n = 0.6 causes a
dramatic decrease in the actual gain of the quantum scissor. So far, we have recovered the
result from Ref. [107], now we will examine how this gain saturation affects the ability of the
error correction protocol to show channel improvement.
Following the approach detailed in Chapter 3, we have modelled the error correction pro-
tocol including an inefficient single photon source and details of the calculation are given in
Appendix. A.4. In Fig. 5.3, the entanglement of formation preserved through the error correc-
tion protocol with an inefficient source is shown. In this result, it can be seen how the gain
saturation effect due to the non-unit efficiency source can impede the ability to improve the
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channel. In particular, for 30% inefficiency (red, solid line on Fig. 5.3) the EOF of the error
correction protocol does not surpass that of the loss channel and therefore with these parame-
ters we cannot improve the channel. Additionally, the gain of the NLA needed to surpass the
loss channel increases as source efficiency is decreased. For the unit efficiency source, channel
improvement occurs for g2 > 5.43 while for the 70% source, channel improvement occurs for
g2 > 6.32.
An important advantage of using the error correction protocol is that the input state to
be transmitted is not directly fed into the NLA. Therefore, the compounding effect of reduced
efficiency with large amplitude input states to the NLA causing gain saturation (as seen in
Fig. 5.2(b)) can be circumvented, due to the use of CV teleportation in the error correction
protocol. Additionally, the CV teleporter is deterministic once EPR is distilled using the NLA.
5.2 Inefficient single photon detectors
There are two single photon detectors in the single quantum scissor and they are necessary to
accept successful distillation events of the entangled state and reject unsuccessful events. A
success occurs if a single photon is detected at Da and none at Db or vice versa. Inefficiency
in the single photon detectors causes the detectors to fail at registering a count when a single
photon is incident at the detector. In this section we will examine the effects of inefficient
detectors on the channel improvement using the error correction protocol.
Evolution of a coherent state |α〉 through the error correction protocol with non-unit detector
efficiency δ of detectors Da and Db is included in Appendix A.4. In Fig. 5.4, we present
features of this result illustrating how inefficient detectors affect operation of the error correction
protocol.
Owing to the commutability of loss through linear networks, the inefficiency of detector Da
adds to the channel attenuation between sender and receiver(see Fig. 5.1). We consider the
error correction protocol only in the case of high loss where it is most effective. Therefore, this
additional attenuation due to detector inefficiency of Da has a minimal effect on the state. This
can be seen in the plot of Fig. 5.4(a) where 50% efficiency detection causes a minimal decrease
in EOF. As identified in Ref. [108], detection inefficiency decreases the success probability
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Figure 5.4: Channel improvement with inefficient single photon detectors. (a) The black, solid line
represents the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5), where one arm is
distributed through a loss channel of transmission η = 0.01. The gray, solid line shows the EOF of the
error correction protocol (with EPR resource state of χ = 0.5) with a single quantum scissor which has
unit efficiency single photon detectors. The light blue, dashed line shows the minimal decrease in the
EOF for 50% single photon detectors. (b) The success probability of the error correction protocol is
impacted by inefficient detectors. The gray, solid line shows the success probability for unit efficiency
single photon detectors. The blue, green and light blue dashed lines show the success probability for
90%, 70% and 50% efficiency detectors respectively.
of the NLA and this is shown in the plot of Fig. 5.4(b). Here, the probability of success
of the protocol is shown for various detector efficiency rates. In summary, while inefficient
single photon detectors have a minimal impact on the channel improvement achievable via this
error correction protocol, they do significantly impact the efficiency with which the NLA and
therefore the entire error correction protocol can operate.
5.3 Inefficient homodyne detection
The last imperfect element we consider in this chapter is inefficient homodyne detection. Ho-
modyne detection is part of the CV teleportation protocol and in this error correction protocol
it is used when the sender mixes the input state to be transmitted with the entangled resource
state and conducts dual homodyne detection on modes A and R. From Fig. 5.1, loss due to
homodyne inefficiency may be commuted through the 50:50 beam splitter resulting in loss on
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Figure 5.5: Channel improvement with inefficient homodyne detection. The black, solid line
represents the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5), where one arm
is distributed through a loss channel of transmission η = 0.01. The gray, dashed line shows the
EOF of the error correction protocol (with EPR resource state of χ = 0.5) with a single quantum
scissor which has unit efficiency homodyne detection. The blue, yellow and green solid lines model
the protocol operating with 98%, 94% and 90% respectively.
the input mode and mode R of the entangled resource state. While loss on the input mode
will attenuate it slightly, for a coherent state input the state remains pure. Additionally, after
averaging over the measurement outcome β, the effective channel of the error correction pro-
tocol is independent of input amplitude. Therefore, loss on this input mode does not affect
operation of the protocol. However, loss on mode R of the entangled state before detection
has the consequence of effectively adding noise to mode B. This added noise is the primary
explanation for the results in Fig. 5.5 showing that even a 2% decrease in homodyne efficiency
will reduce the EOF achieved by the error correction protocol and also increases the minimum
NLA gain required to improve the channel. Recall that with all sources and detectors having
perfect efficiency, channel improvement with a single quantum scissor requires an intensity gain
of g2 > 5.43 (shown on Fig. 5.5 as the point where the gray, dashed line crosses the black,
solid line). For 98% homodyne efficiency, channel improvement requires a minimum gain of
g2 > 6.17 and for 90% efficiency this minimum gain is increased to g2 > 10.02.
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Figure 5.6: Channel improvement with realistic source and detection efficiencies. (a) The black,
solid line represents the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5), where
one arm is distributed through a loss channel of transmission η = 0.01. The gray, dashed line shows
the EOF of the error correction protocol (with EPR resource state of χ = 0.5) with a single quantum
scissor which has unit efficiency sources and detectors. The blue line models the protocol operating
with homodyne efficiency of 98%, single photon source efficiency of 70% and single photon detection
efficiency of 90%. (b) Inefficient homodyne and single photon detection causes a decrease in success
probability.
5.4 Modelling realistic operation
We have now examined the individual effects of inefficiency in the single photon source, detec-
tors and homodyne detection on the error correction protocol. We noted that single photon
source efficiency causes the actual gain of the NLA to be reduced and for the experimentally
realisable gain to saturate at some point. Single photon detection efficiency does add to channel
attenuation, but primarily it causes a decrease in the success probability. Finally, homodyne
detection inefficiency adds effective noise to mode B of the entangled resource state resulting
in a reduced EOF and a higher minimum gain needed for channel improvement.
Given that inefficient homodyne detection increases the minimum gain needed to demon-
strate channel improvement, naturally we ask where the minimum gain required for error
correction can be achieved in the presence of an inefficient single photon source. Two pre-
vious experimental demonstrations of the NLA report maximum achieved intensity gains of
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g2 = 5.7± 0.5 [108] and g2 = 11± 1 [109].
Fig. 5.6 models the error correction protocol operating with homodyne efficiency of 98%,
single photon source efficiency of 70% and single photon detection efficiency of 90%. These
parameters have been chosen to model realistic capabilities in state-of-the-art experimental
laboratories at the current time [121–125]. In Fig. 5.6(a), the EOF achieved by the protocol is
shown and it can be compared with the EOF using a single quantum scissor with unit efficiency
sources and detectors in the error correction protocol and also using an unphysical NLA with
N →∞ quantum scissors. We see that as we progress towards more realistic implementations of
the error correction protocol, the minimum gain required for channel improvement is increased.
The ideal, unphysical NLA achieves channel improvement for g2 > 4, with unit-efficiency
sources and detectors and a single quantum scissor the gain required is g2 > 5.43. However,
with non-unit efficiency sources and detectors for the parameters we have chosen, the gain
required is g2 > 7.15. As this is lower than the NLA gains demonstrated in Ref. [109], we can
expect that under realistic conditions channel improvement could be demonstrated with this
error correction protocol using current technology.
5.5 Beating the deterministic bound
We now ask whether this error correction protocol can surpass the deterministic bound of
entanglement despite noise due to source and detection inefficiencies. The deterministic bound
represents the amount of entanglement that can be preserved by passing an unphysical, infinitely
squeezed entangled state (Choi state) through the channel. The EOF of this bound can be
calculated via [115]:
EF = cosh
2 r0 log2
(
cosh2 r0
)− sinh2 r0 log2 (sinh2 r0) , (5.3)
with r0 given by [116]:
r0 =
1
2
ln
[
1 + ζ
√
η
1− ζ√η
]
, (5.4)
and ζ → 1.
To demonstrate that this error correction protocol can indeed surpass the deterministic
bound we present the results shown in Fig. 5.7. For these results channel loss has been lowered
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Figure 5.7: Beating the deterministic bound with inefficient sources and detectors. (a) The black,
solid line represents the EOF of a Gaussian two-mode squeezed state (EPR strength ζ = 0.5), where
one arm is distributed through a loss channel of transmission η = 0.005. The red, solid line is the
maximum amount of entanglement that can be achieved after passing an unphysical, infinitely squeezed
state through the same loss. The purple line shows the EOF of the error correction protocol (with
EPR resource state of χ = 0.5) with a single quantum scissor, operating with homodyne efficiency of
98%, single photon source efficiency of 90% and single photon detection efficiency of 90%. (b) Success
probability to beat the deterministic bound.
further to η = 0.005 corresponding to 115km between sender and receiver. While homodyne
detection efficiency has been kept constant at 98%, single photon source efficiency has been
increased 90% to allow the NLA to be able to access the gain required for beating the deter-
ministic bound.
For the error correction protocol to demonstrate channel improvement with these parameters
requires minimum gain of g2 > 5.7. For the protocol to be able to distribute more entanglement
than an unphysical, infinitely squeezed entangled state through the same initial loss requires
g2 > 40.2. While these parameters are ambitious, it shows that even in the presence of imperfect
sources and detectors, using a single quantum scissor can demonstrate channel improvement
and even distribute more entanglement than an unphysical, infinitely squeezed state passing
through the same initial loss channel.
In summary, we have investigated in this chapter the effects of imperfect sources and de-
tectors on the ability of the protocol to improve loss channels. While inefficient single photon
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sources and inefficient homodyne detection impede the ability for the protocol to improve the
channel, the outlook on demonstrating channel improvement with this protocol using current
technology looks promising. The analysis in this chapter does not include other sources of error
like detector dark counts or finite mode matching, the effect of the latter on the NLA was
considered in Ref. [126].
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Quantum repeater for continuous variables
The previous chapters have examined operation of the error correction protocol operating under
various conditions. In this chapter we show how repeated concatenation of these error correction
protocols may be used to construct a quantum repeater for continuous variables.
While there has been significant theoretical and experimental progress on quantum repeaters
for discrete variables [14–16], the field of continuous variable quantum repeaters is still in its
elementary stages. This is an important field of research because just as discrete variable
quantum repeaters are able to extend the range of discrete variable quantum communication,
continuous variable quantum repeaters are necessary to extend the range of continuous variable
quantum communication, and would be useful for applications like CVQKD [127].
Four years ago, there were no quantum repeater protocols for continuous variable encodings
of quantum information in the literature. There have since been three different proposals for
the first generation of continuous variable quantum repeaters [19, 20, 128]. The work in this
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Figure 6.1: Entanglement distribution is performed asymmetrically in the CV quantum repeater.
Entangled states are generated at the CV repeater nodes and one arm of the entangled state is passed
through a loss channel to the neighbouring node.
chapter represents one of the first published protocols for a CV quantum repeater, and is based
on the publication in Ref. [19]. All sections in this chapter contain original research.
6.1 Components of the CV quantum repeater
Like its DV counterparts, our first generation CV quantum repeater contains three principle
components: entanglement distribution, entanglement swapping and entanglement distillation.
Each of these elements are implemented so as to be compatible with continuous variable encod-
ings of quantum information. Beginning with entanglement distribution, the entangled resource
states used in our protocol are the Gaussian two-mode squeezed vacuum state:
|χ〉ab =
√
1− χ2
∑
χn |n〉a |n〉b . (6.1)
Distribution of these states (6.1), is performed asymmetrically (see Fig. 6.1) with entangled
states being generated at each node of the quantum repeater and then one arm of the entangled
state is passed through a fibre channel through to the neighbouring node. One arm of each of
these entangled states would be decohered by loss from transmission through the optical fibre.
In first generation DV quantum repeaters, the problem of photon loss due to fibre trans-
mission was solved by heralded entanglement generation [11, 15, 16] which involves generating
and distributing entanglement using various techniques [11, 14, 16] and repeating this process
until two adjacent nodes herald successful detection. Further, for DV schemes that rely on the
transmission of a single photon through fibre, if a photon is lost it is not registered or detected.
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In this way, loss will affect the efficiency of the DV repeater protocol but not introduce er-
rors. The same cannot be said for CV states, which if they are attenuated from loss are still
transmitted and detected. For CV repeater schemes, it is necessary to have an entanglement
distillation step to correct for loss errors. The entanglement distillation protocol used in our
repeater scheme is the Noiseless Linear Amplifier (see Sec. 3.2) which has been experimentally
shown to distill entangled states after they have been decohered from optical loss [109].
In order to connect the entangled links in a quantum repeater, first generation repeaters use
entanglement swapping. CV teleportation [21] is used as the entanglement swapping operation
[22, 23] in our CV repeater. Importantly, unlike DV entanglement swapping operations [12],
CV teleportation is advantageous because it is fully deterministic. The only non-deterministic
element in our CV quantum repeater is the NLA which will ultimately determine the efficiency
of the entire protocol.
6.2 Fundamental building block
We have now described the elements needed to construct our quantum repeater, which are also
the elements used in the CV error correction protocol [25] explored in Chapters 3 through 5. To
form our CV repeater we nest these error correction protocols within each other. The level of
nesting required determined by the distance. For long distance CV quantum communication,
the main antagonist is optical loss. Our repeater is designed to correct this loss by constructing
a channel of the same effective transmission for arbitrary distance. Importantly, this is done
with a resource cost that (in principle) scales only polynomially with distance.
The fundamental building block of our CV quantum repeater is depicted in Fig. 6.2. With
one iteration of the CV error correction protocol, an initial loss channel of transmission η may
be corrected to form an effective channel of higher transmissivity. The transmission of the
entire channel is set by the classical gain of the CV teleporter. While this parameter can take
on any value, minimal excess noise (for the ideal NLA) occurs with the condition:
λ = g
√
ηχ (6.2)
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Figure 6.2: A single iteration of the error correction protocol forms the fundamental building
block of the CV quantum repeater. With the gain condition (6.4), this protocol takes a loss channel
of transmission η to effective transmission
√
η.
Therefore, effective transmission of the entire channel is given by:
ηeff = g
2ηχ2 (6.3)
and can be controlled by choice of the gain of the NLA. In assembling the repeater to preserve
channel transmission, we shall choose an NLA gain of:
g =
1
η1/4χ
(6.4)
By substituting (6.4) into (6.3), the effective transmission of the error corrected channel be-
comes:
ηeff =
√
η (6.5)
In this way, a single iteration of the error correction protocol, which constitutes the fundamental
building block of the repeater, takes an initial channel of transmission η and corrects it to
effectively:
η → √η (6.6)
We have denoted a single fundamental building block of the repeater as the quantum channel
L0 (Fig. 6.2). It will be useful to remember that L0 performs the transformation (6.6) because
now we will illustrate how the CV quantum repeater is structured.
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Figure 6.3: The CV repeater is formed by nesting error correction protocols within each other.
(a) Using L0, the most basic setup of the repeater is formed involving two segments and one repeater
node. Each segment is operated on by the error correction protocols individually and then the entire
channel is nested within another error correction protocol. The entire channel is represented by L1.
(b) Nesting proceeds in this way for the next level comprising four segments and three repeater nodes.
The entire operation L2 takes an initial channel transmission of η4 to effectively √η.
6.3 Structure of the quantum repeater
The repeater is comprised of nested error correction protocols and the level of nesting required
depends on the total distance of the quantum channel. As we have now described the error
correction protocols, in this section we will demonstrate exactly how they are nested to form
the CV quantum repeater.
The first level of nesting represents the most basic implementation of our CV repeater, and
it contains two repeater links and a single node between sender and receiver. This first level of
nesting is pictured in Fig. 6.3(a). The initial loss channel of transmission η2 is divided into two
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Figure 6.4: The CV quantum repeater with n levels of nested error correction protocols. By
nesting error correction protocols in this way, a channel of transmission η2
n
may be corrected to
effective transmission
√
η.
segments each having transmission η. Each segment is then corrected individually by a single
error correction protocol L0 (Fig. 6.2). Thus both of the segments individually have effective
transmission
√
η. The combined channel L0 followed by L0 has total effective transmission
η. This entire channel is then nested inside of a larger error correction protocol, which takes
the error corrected effective transmission η to final transmission
√
η. That is, the first level of
nesting L1 (pictured in Fig. 6.3(a)) performs the following transformation to the transmission
of the channel:
η2 → √η (6.7)
Nesting proceeds in this way for the next level, which is utilised if the total distance is doubled,
i.e. the initial channel has transmission η4. The channel is divided up into four links (each of
initial transmission η) with three repeater nodes between sender and receiver. Each of the four
links is first error corrected by L0 which yields four sequential channels each of transmission√η.
Grouping the four base level error corrected channels into two channels each of transmission η,
the two halves are then error corrected by the next nesting level. After the second level of error
correction, the repeater produces two effective channels each of transmission
√
η, thus overall
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Figure 6.5: Explicit structure of the repeater components for first and second nesting levels. Grey
outlines indicate what operations are conducted at each node. (a) The repeater constructed for two
links (single node) is pictured showing all operations that have to be completed at the sender, receiver
and the central node. The buffers (B) are required to hold entanglement for 2T0 where T0 = L0/c (L0
is the length of the channel between nodes, c is the speed of light through fibre c = 2 × 105km/s).
This is to allow distribution of entanglement and receipt of the NLA success signals. Once the NLA
is successful, the distilled entanglement is held in quantum memories (M). The outermost memories
are not strictly needed for this nesting level, but they are shown here to indicate where they would
be positioned for higher nesting levels. (b) The four link CV quantum repeater may be constructed
as shown. Again, operations that need to be completed at each node are indicated.
total transmission η. This entire channel is then finally nested within another error correction
protocol taking transmission η to
√
η. In summary, the second level of nesting L2 (pictured in
Fig. 6.3(b)) performs the transformation:
η4 → √η (6.8)
Nesting may continue on in this way for a channel of arbitrary distance. In our notation,
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Ln corresponds to n levels of nested error correction protocols. In Fig. 6.4, we show how
these error correction protocols may be concatenated for an arbitrary distance. In general, for
an initial channel of transmission η2
n
, the repeater would be constructed by segmenting the
channel into M = 2n links. These M links would then be error corrected by n levels of nested
error correction protocols (Ln) achieving a final channel of effective transmission √η.
For an explicit structure of the components of the repeater refer to Fig. 6.5. In Fig. 6.5(a),
we show all the components required for the two link repeater. The single repeater node is
required to implement all the operations shown in the central grey outline. Operations at each
node vary with nesting level, as shown in Fig. 6.5(b) where the explicit structure of the four
link repeater is shown. The central node in this four link repeater contains more operations
than the outer two nodes which is due to the error correction protocols being nested within
each other.
We have outlined in this section a method of concatenating error correction protocols in
order to preserve the same effective channel transmission for a channel of arbitrary distance.
While results we present with this repeater are limited to the gain condition (6.4), it is important
to note that this is not the only possible NLA gain for the repeater. Additionally, the structure
of the repeater which we illustrate in this section is not the only possible configuration. We
present this as only an example of how the repeater may operate to circumvent the exponential
decrease in transmission with distance and do so with a polynomial resource cost.
6.4 Polynomial scaling
When run in series, two error correction protocols may operate their NLAs independently
and simultaneously. The various buffers (fixed duration delays) and memories (variable dura-
tion delays) that are needed for the probabilistic nested distillation are shown in Fig. 6.5(a).
Throughout this thesis we implicitly assume that high quality quantum memories are available
that can store quantum states without loss of fidelity until the synchronising signals arrive from
the various NLAs.
At the base level, the individual error correction procedures operating on each segment of the
repeater need to herald successful operation before error correction at the next level of nesting
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can proceed. Therefore, if P is the success probability for one iteration of the error correction
protocol Fig. 6.2, then the entire protocol in Fig. 6.3(a) operates with success probability P 2.
Similarly, the success probability for the protocol in Fig. 6.3(b) is P 3. Whilst the probability
of success is dropping exponentially with the number of concatenations, the distance doubles.
In general, we have:
PM = P
log2(2M) = (2M)log2 P (6.9)
where M is the number of links of the quantum repeater and is proportional to distance, and
thus we obtain a polynomial scaling of success probability with distance.
We can estimate P in the following way. For a particular gain, g, the NLA has a probability
of success Pg ≈ 1/(g+ 1)2N (see (3.23)). Inserting the gain condition (6.4) and assuming g  1
we obtain:
P ≈ (ηχ4)N/2 (6.10)
To evaluate the efficiency of the device we can compare the probability of successfully sending
a single photon through the error corrected channel,
√
ηPM , to the probability of successfully
sending a single photon through the bare channel, ηM . In this way we can obtain the desirable
condition:
PM ≈ (2M)N2 log2(χ4η) > ηM− 12 . (6.11)
Because of the exponential scaling of the bare channel it is clear that there will always be an M
at which the quantum repeater will be more efficient than the bare channel, however whether
that break even point occurs whilst PM still has a practical value depends on the choice of
parameters (and what one considers a practical value). As an example if we pick η = 0.04,
χ = .9 and N = 3 we find the break-even point is around M = 8. For these parameters, we
obtain PM ≈ 3× 10−10 >> ηM− 12 ≈ 3× 10−11. While this efficiency argument is convenient, it
only models the probability of success of operating the NLAs in the repeater. As discussed in
Chapter 3, quantum scissor implementations of the NLA inevitably add noise associated with
the state truncation that occurs due to the NLA. Even assuming ideal sources and detectors, the
state truncation that occurs with each physical NLA could mean that the polynomial scaling
of (6.9) may not be reached in practice.
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Figure 6.6: With each NLA consisting of a single quantum scissor, the simplest repeater protocol
consisting of a single repeater node appears as pictured. The quantum scissor (QS) operation is
pictured in the yellow inset of Fig. 3.5, and truncates the state in the photon number basis of all terms
of order two or higher.
6.5 Performance
To illustrate an example of successful operation of the repeater, we now examine the simplest
case of the repeater protocol. The simplest implementation would be constructed by dividing up
the channel into two segments with a single repeater node in the middle. Our CV repeater would
operate two base level error correction protocols on each segment, the base level protocols would
then be nested within a larger error correction protocol (represented by L1, see Fig.6.3(a)). We
first consider how well we can do with the NLAs consisting of a single quantum scissor, as this
represents the best probability of success (pictured in Fig. 6.6).
Given the assumptions of ideal sources and detectors as well as perfect quantum memories,
we have calculated the collective attack key rate for the repeater protocol shown in Fig. 6.6. To
evaluate the secret key rate of our quantum repeater we will first follow the method outlined
in Sec. 3.5. The output state of Fig. 6.6 is calculated using a coherent state input, and the first
and second moments are then used to model the effective channel produced by the repeater
protocol. This effective channel is then used to calculate the CV QKD key rate that may be
achieved by distributing states using the CV repeater.
For a coherent state input of |α〉, after the first dual homodyne detection in Fig. 6.6, the
state conditioned on the measurement outcome β3 is
|ψ(β3)〉 =
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1) |χ3 (α− β3)〉 (6.12)
As is shown on Fig. 6.6, after this first dual homodyne detection, the other arm of the entangled
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resource state |χ3〉 passes through two iterations of the CV error correction protocol. These
base level protocols are indicated in the light blue shaded regions in Fig. 6.6. After operation
of these base level error correction protocols, the conditional state is given by:
|ψ(β1, β2, β3)〉 =
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2DˆB (λ2β2) (|µ0〉C |0〉B + |µ1〉C |1〉B) (6.13)
where the constant B2 is defined in the following way:
B2 =
1
pi
√
1− χ22
1 + g22
√
1− χ21
1 + g21
e
1
2
|χ3(α−β3)−β1|2(χ21−1−η1χ21)eλ1(β1β
∗
2−β∗1β2)/2e−|λ1β1−β2|
2/2 (6.14)
See Appendix B for the full derivation of (6.13). The definitions of |µ0〉C and |µ1〉C can be
found in (B.40) and (B.41).
In this single node repeater there are three entangled resource states, the base level protocols
have squeezing χ1, χ2 and the highest level protocol uses χ3. The distance between nodes
controls the transmission of each link of the repeater, with η1 corresponding to the transmission
between the sender and the repeater node and η2 being the transmission between the node and
receiver. Additionally, the CV teleportation protocols have classical gains λ1, λ2 and λ3. The
gains of the single quantum scissor NLAs are g1 and g2 for the base level protocols and g3 for
the higher level protocol. All parameters have been indicated on Fig. 6.6.
As shown on Fig. 6.6, after the two base level error correction protocols, a third NLA of
gain g3 is operated on the state (6.13). This gives the following truncated state:
|ψ(β1, β2, β3)〉 = 1√
1 + g23
e−|λ2β2|
2/2
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2[|µ0〉C (|0〉B + λ2β2g3 |1〉B) + |µ1〉C (−λ2β∗2 |0〉B + g3 (1− |λ2β2|2) |1〉B)] (6.15)
The last operation in the single node repeater is a displacement by the measurement outcome
of the first homodyne detection β3 scaled by a classical gain λ3. The un-normalised output
state of the single node repeater with single quantum scissors is a displaced combination of the
|0〉B and |1〉B terms:
|ψ(β1, β2, β3)〉 = 1√
1 + g23
e−|λ2β2|
2/2
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2DˆB (λ3β3)[
(|µ0〉C − λ2β∗2 |µ1〉C) |0〉B +
(
λ2β2g3 |µ0〉C + g3
(
1− |λ2β2|2
) |µ1〉C) |1〉B] (6.16)
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With the output state of the single node repeater protocol (6.16), we then calculate the variance
and probability of success of the protocol. These quantities are averaged over the measurement
outcomes of the three dual homodyne detections. This requires integration over the complex
variables β1, β2 and β3. As the expressions for the |µ0〉C and |µ1〉C are lengthy (see (B.40)
and (B.41)), numerical integration is necessary. As with the other results for the error correction
protocol in this thesis (except Sec. 4.3), after averaging over the measurement outcomes, the
variance and success probability are independent of the input state α.
Using the variance and the effective transmission of the channel we can construct the covari-
ance matrix (CM) of Gaussian states distributed through this repeater. Using this covariance
matrix we calculated the asymptotic collective attack key rate for a CVQKD protocol based
on homodyne detection [45, 127]. Even though the output state of the quantum repeater is
non-Gaussian, due to the optimality of Gaussian collective attacks [129, 130], it is sufficient
to calculate the security against Gaussian attacks which is completely characterised by the
covariance matrix.
Before we present results, we note a few key aspects of optimal operation of this single node
quantum repeater:
• Most results of the CV error correction protocol presented throughout this thesis occur
in the high-loss regime, that remains true for the CV repeater. On Fig. 6.7, the minimum
distance is 500km (corresponding to 250km between nodes). The CV repeater protocol
boosts this 500km attenuation to effectively 125km of attenuation. The reason we are
limited to this high-loss regime is discussed in Sec. 4.2, and it is due to the repeater
using single quantum scissor NLAs. This renders the protocol unable to improve much
shorter channels with less distance between nodes (high transmission, low loss regime). If
a higher transmission channel needed improvement using this specific repeater protocol,
the NLAs should be implemented using more quantum scissors.
• The least noise is produced when the base level entangled resource states use low squeez-
ing (χ1, χ2  1). However, due to the gain condition (6.4), this produces a higher
required gain of the NLAs and thus decreases the success probability of the protocol.
This represents a trade-off between lower excess noise and efficiency of the CV repeater.
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Figure 6.7: The CV quantum repeater is able to achieve a secret key rate surpassing bounds on
repeaterless communication. While the nesting level is designed to increase with distance, the results
here show what is achievable using a fixed nesting level (single repeater node). The grey, dashed line
is from Ref. [28] and the black, solid line is from Ref. [27].
In Fig. 6.7, we present the secret key rate per mode calculated via:
KCVQR = min (P1, P2)× P3 × r (6.17)
where P1, P2 and P3 are the success probabilities of the NLAs with gains g1, g2 and g3 re-
spectively (indicated on Fig. 6.6) and r is the secret key rate calculated using the CM of the
distributed state (calculated via Ref. [131]). This key rate is for reverse reconciliation which is
known to work over higher loss channels [132].
The base level NLAs (g1 and g2) operate simultaneously and independently, however both
must succeed in order for the higher level NLA g3 to commence operation. In the next chapter,
we take into account the waiting times associated with getting two successes in two probabilistic
operations [133]. However, in calculating the key rate per mode it is enough to multiply the
NLA success probabilities. If the base level NLAs aren’t using the same gain (g1 6= g2), the
minimum of the two success probabilities will be used.
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We have shown on Fig. 6.7 two bounds on fundamental limits on quantum communication
without a quantum repeater. These are upper limits on the secret key rates per optical mode
for a pure-loss channel of transmission η. The grey, dashed line represents the Takeoka-Guha-
Wilde (TGW) bound given by KTGW = log2
1+η
1−η [28]. The solid black line represents the tight
bound given by Pirandola-Laurenza-Ottaviani-Banchi (PLOB) KPLOB = log2
1
1−η [27].
Typically, nesting level will increase as distance increases and while the results in Fig. 6.7
are for fixed nesting level, it demonstrates that the repeater can unambiguously beat direct
transmission. In order to properly model operation of the CV quantum repeater as it scales
with distance, we would ideally like to be able to characterise how the covariance matrix of
an input state transforms through the repeater for a given nesting level. For Gaussian states
and Gaussian operations, this would be easily calculable as Gaussian states are completely
characterised by their covariance matrix and Gaussian operations on that covariance matrix
are computationally easy. However, this is not the case with our repeater as it necessarily
contains a non-Gaussian element [134] - the Noiseless Linear Amplifier. In order to model
operation of this repeater at higher nesting levels, naturally one would consider modelling
the excess noise introduced by the NLA as a small amount of excess Gaussian noise added
with each amplification step. However, this has been shown to dramatically underestimate the
performance of the repeater. That is, modelling the truncation noise as Gaussian noise causes
an over estimation in the noise that is present at the next level of nesting.
A possible cause for this overestimation is the effect witnessed in Sec. 4.3, where the output
of a single iteration of the CV error correction protocol was fed into another quantum scissor
with gain g = 1. This resulted in significantly reduced noise for small amplitude input states. In
the single node repeater (Fig. 6.6), after the two iterations of the CV error correction protocol
the output is fed into another quantum scissor of gain g3. It is the noise that is added at this
last quantum scissor which is overestimated by Gaussian modelling and this could be because
the input to this quantum scissor is very small after being heavily attenuated through a lot
of loss. Recall that all results we present are for very long channels (≥ 500km), where the
separation between nodes is extremely large (≥ 250km), and the effective attenuation of the
entire repeater is still low (effectively ≥ 125km). This failure of Gaussian modelling to predict
scalable results for our CV repeater restricts us to numerical solutions (like the one illustrated
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in this section). While this works for basic schemes (with the number of repeater nodes and
quantum scissors kept small), these strategies have currently proved intractable to scale to
larger nesting levels. We leave the solution of this problem to future work.
In summary, we have proposed a method to concatenate error correction protocols to pro-
duce a quantum repeater that works with CV states. The repeater contains all the elements
of a first generation repeater including entanglement distribution, entanglement distillation via
the NLA and entanglement swapping via CV teleportation. Teleportation of CV states is ad-
vantageous because of its deterministic operation, but it also limits the channel transmission
improvement achievable between input and output states. Importantly, the use of CV telepor-
tation means the protocol will work on any field state and is therefore not limited to a particular
optical encoding of quantum information.
The repeater protocol we present here does have a polynomial efficiency scaling in the ideal
case of the NLA. However, it is limited in practice due to the trade-off between probability of
successful operation and noise added from state truncation. This noise penalty due to state
truncation is inevitable with the linear optics construction of the NLA. To this problem, we
have shown that our protocol with a single quantum scissor in the NLA for M = 2 links of
the repeater (Fig 6.6) can operate with sufficiently low added noise such that it can distribute
secret keys with a rate surpassing that of the fundamental limit on repeaterless communication
[27, 28].
It is important to consider more generally under what conditions the repeater may be
more efficient than direct transmission while simultaneously adding low enough noise so that
the channel can be used to transmit entanglement. These conditions remain an open question
because characterising the performance of our repeater for higher concatenation levels represents
a computationally intensive task due to the structural complexity and the inability to model
the device using Gaussian operations.
As such, there remains significant room for improvement with this protocol. It remains
an open question as to how the protocol may be amended to be useful at higher effective
transmissions while maintaining (or improving) the probability of success. It is possible that
non-linear optical techniques for implementing the NLA are needed to realise the full scaling
potential of our device [135].
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7
CV vs. DV repeaters
Like many quantum information protocols, quantum repeaters were first conceived in the dis-
crete variable regime. Since repeaters were proposed in the late nineties [11], there have been
numerous iterations of improvements to the performance of quantum repeaters for discrete
variables. The large body of literature and extensive improvements led to the categorisation
of this progress into three major generations of repeater protocols. The first generation of
repeaters involve probabilistic purification and swapping [11, 136]. Second [61, 62, 137] and
third [67–71] generation protocols utilise quantum error correction to correct operation and loss
errors respectively (see Sec 2.6 or Refs. [14, 15] for a review).
However, despite improvements that have been achieved in the theory of transmitting DV
quantum states via repeaters [14, 16], the theory of CV quantum repeaters is still in its elemen-
tary stages. The work contained in the previous chapter represents one of the first protocols
for a CV quantum repeater [19]. Since the DV and CV regimes of quantum information are
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Figure 7.1: Basic set up. We compare rates of pair production between CV and DV repeater
protocols, ensuring that the initial and distributed states have the same amount of entanglement.
subject to their own unique advantages and disadvantages, a natural reaction to these very first
CV repeater protocols [19, 20, 128] is to compare them to that of the discrete variable regime.
The work in this chapter aims to perform this comparison as fair and unbiased as possible.
It is important to compare the recently published first generation CV repeaters [19, 20, 128]
to first generation DV repeaters [11] so as not to mar the comparison by enabling the rates of
the DV repeaters to benefit from the the improvements to these protocols since their inception
[14–16]. In this chapter, we present a method for utilising a discrete variable repeater protocol
to distribute continuous variable states. We then use this to compare the rates of continuous
variable entanglement distribution between first generation CV and DV repeaters. Specifically,
we will compare the DV protocol by Briegel et al. [11] to our CV repeater scheme presented
in Chapter 6. The work in this chapter is not yet published but is available on the arXiv [138].
Sections 7.1- 7.2 reviews relevant literature, while Section 7.3 contains original research. This
work was done in collaboration with Kae Nemoto and William J. Munro.
The performance metric we will use is the repeater rate RRep for the generation of entangled
states. To ensure a fair comparison we will compare the repeater rates of both repeaters
sending the same state, and receiving states of similar entanglement level. Both repeaters will
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be modelled sending a two-mode squeezed vacuum (otherwise known as an Einstein-Podolsky-
Rosen state [32, 139] ) of form
|χin〉 =
√
1− χ2in
∞∑
n=0
χnin |n〉 |n〉 , (7.1)
where χin controls the strength of the squeezing. A basic conceptual diagram of the comparison
is shown in Figure 7.1. In the following section, we will briefly review the DV repeater protocol
by Briegel et al. [11] (for a more thorough explanation of the Briegel et al. repeater components
see Sec. 2.6.1) and present how we might employ the CV teleportation scheme by Andersen
and Ralph [140] to distribute CV entangled states using DV resources.
7.1 Discrete variable repeaters
The 1998 paper by Briegel et al. was the first to present the concept of a quantum repeater
with the goal of overcoming the exponential loss scaling and creating an entangled pair over
arbitrary large distances [11]. This model, now known as a first generation quantum repeater,
consists of three elements: entanglement distribution, entanglement swapping [12] and nested
purification protocols [13]. The protocol begins by distribution of a number of entangled pairs
between adjacent nodes in the repeater network. To model errors in imperfect pair production,
we use the Werner state [56]:
ρˆW =
4F − 1
3
|Φ+〉 〈Φ+|+ 1− F
3
I4 (7.2)
which has fidelity F > 1/2 for the required pair |Φ+〉 but also contains a mixture of all the other
Bell states. Two pairs (labelled ρˆW12 ,ρˆW34) distributed between three nodes may be swapped
by conducting a local joint Bell-state measurement between qubits 2 and 3. The results of that
measurement are then sent via a classical communication channel to qubit 4 where a Pauli
correction is made on qubit 4 based on the outcome of the measurement. This results in a
single entangled pair is held between the outer nodes ρˆW14 . With two Werner pairs, each of
fidelity F , the fidelity of the swapped pair is given by [14]:
Fswap = F
2 +
(1− F )2
3
, (7.3)
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Figure 7.2: Quantum repeater for discrete variables. This illustration shows how the repeater
protocol from Ref. [11] may operate. Beginning with the initial entanglement distribution of many
entangled pairs between each node, subsequent rounds of entanglement purification and swapping
follow resulting in a single entangled pair held between both ends of a long distance channel.
which is always less than the fidelity of the initial pair F . As the channel length increases
so too does the number of repeater nodes and therefore the number of swapping operations
that need to be performed. To prevent degradation of entanglement from the entanglement
swapping operations, entanglement purification is used.
Entanglement purification proceeds by distributing two pairs between two repeater nodes.
Within each node, a CNOT gate is applied to the qubit of one pair and the qubit of the second.
Following the CNOT gate, one of the pairs is measured out and first entangled pair is kept if
the measurement results are the same and discarded if the measurement results are different.
Two entangled pairs of fidelity F can result in a single entangled pair of fidelity [13]:
Fpur =
F 2 + 1
9
(1− F )2
F 2 + 2
3
(1− F ) + 5
9
(1− F )2 (7.4)
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where the fidelity of the purified pair Fpur is higher than that of the initial two pairs. Entan-
glement purification is probabilistic, the probability of successful purification depends on the
fidelity of the initial pairs [13],
Ppur = F
2 +
2
3
(1− F ) + 5
9
(1− F )2 . (7.5)
In operating the entire repeater, the number of pairs initially distributed will depend on both
the number of nodes along the channel and the fidelities of the required final pair and the initial
distributed pairs. As an example of how the entire repeater protocol might operate consider
Figure 7.2. The protocol begins by distributing many different copies of entangled pairs between
the nodes. The initial distribution is followed by one round of purification, taking two entangled
pairs to a single entangled pair of higher fidelity. A Bell-state measurement is conducted at
the second and fourth nodes and after the correction depending on the measurement outcome,
entanglement is held between the first and third nodes and the third and fifth nodes. Further
rounds of entanglement purification and swapping follow. After all rounds of purification and
swapping have succeeded, entanglement is held between both ends of the long channel.
7.2 Teleporting CV states using DV resources
Using the DV repeater protocol outlined in the previous section, we may achieve distribution of
discrete variable entangled resource states. By employing a specific teleportation protocol, we
may use these entangled resource states to teleport any continuous variable quantum state. This
teleportation protocol, conceived by Andersen and Ralph in 2011 [140], is pictured in Figure 7.3
and proceeds as follows: an input CV state to be teleported is split on an array of beam splitters
(N-splitter) which splits the state evenly among many different modes. The number of modes
is dependent on the size (average photon number) of the input state. Each mode is then input
into its own discrete teleportation protocol (pictured in the blue inset in Figure 7.3). Here,
Bell states are distributed between both ends of the channel. The sender mixes each of the
modes with their qubit of the Bell state and conducts a Bell-state measurement. The results
of the measurement are communicated classically to the receiver who then conducts a unitary
operation to the other qubit of the entangled pair. This results in each reduced amplitude
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Figure 7.3: Teleporting CV states using DV entangled resources using the protocol from Ref.[140].
mode being teleported individually. After successful teleportation of all the modes, they are
then coherently recombined on an N-splitter. When all the ports of the N-splitter register |0〉,
the output state has been recombined and the teleportation is successful.
7.3 Rate comparison
We have now reviewed all the protocols utilised in our comparison of DV and CV repeater
rates. Our goal in this work is to compare the rate of distribution of CV entanglement (rather
than QKD key rates) that can be achieved using CV and DV resources. While there are many
factors that can affect performance of the repeaters that cannot be directly compared between
CV and DV regimes, our efforts to make the comparison fair will be outlined in this section.
Firstly, inputs states to both repeaters will be two-mode Gaussian squeezed states of the
same squeezing χin. Distribution of these states using the DV repeater will follow the protocol
pictured in Figure 7.4, whereby the DV repeater is used to generate entangled pairs between
ends of the channel, and those entangled pairs are then used for teleportation of the CV input
state. It worthwhile to note that teleportation of CV states in this way requires multiple modes
if the average photon number is greater than 1. Therefore, this approach will require many DV
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Figure 7.4: Distributing CV entangled states using DV repeaters. Protocol to distribute CV states
using discrete entangled resources.
repeaters running in parallel to achieve distribution of CV states of high mean photon number.
We are comparing the DV repeater distribution protocol pictured in Figure 7.4 to the CV
protocol in Figure 7.5. Here the CV repeater is used to generate entanglement between both
ends of the channel which is then used for teleportation of the input two-mode squeezed state.
While the entangled states in both regimes will be decohered somewhat due to the elements
in the repeater, we are comparing situations where the inputs to both repeaters have the
same squeezing χin and the output of both DV and CV protocols have the same amount of
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Figure 7.5: Distributing CV entangled states using CV repeaters. CV repeater nested within a
CV teleportation protocol.
entanglement. As is the case throughout this thesis, the entanglement measure we use is the
entanglement of formation [115].
While the operations that take place at each node are different for the CV and DV protocols,
we approximately allocate the same resources to both repeaters by ensuring we compare the
same number of nodes. As we are using our CV repeater from Chapter 6 (Ref. [19]) in this
comparison, we note that results from this repeater are only available for the 2 link (1 repeater
node) case. For this reason, our comparison also restricts the DV repeater results to only 2
links. It is still interesting to consider, in this constrained case of only allowing a single repeater
node, which distribution protocol is more efficient.
Additionally, we make a number of idealised assumptions about both protocols including
photon sources and detectors of perfect efficiencies and infinite memory coherence time. We also
only assume linear optics capabilities with these rate comparisons. As an example, this means
that each entanglement swapping operation in the DV repeater would carry an extra 1/2 factor
in the probability of success due to linear optics construction of the Bell-state measurement. Our
comparison also takes into account the time needed for classical communication of successful
results and allowing all probabilistic operations to succeed assuming finite resources. This was
achieved following the methods in Refs. [141] and [133] respectively.
Given the previously outlined assumptions and restrictions on this comparison, we present
in Figure 7.6 the repeater rate, in units of entangled pairs per second sent over a distance of
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Figure 7.6: Repeater rates of first generation DV and CV repeaters operating at 400km. The blue
line represents the rate achieved by the CV repeater with 2 links. The red dot points represent the
rate achieved by the DV repeater operating with a variety of initial fidelities of the entangled pairs
distributed between nodes. Results here are for a required fidelity of the final pair of Freq = 0.67 which
has been chosen to ensure DV and CV repeaters produce states of the same entanglement of formation.
Discrete jumps in the DV repeater rate are attributed to the discrete number of purification rounds.
The required number of purification rounds depends on the initial fidelity and required fidelity. Both
DV and CV repeaters take an input state of χin = 0.5.
400km. Here, we have modelled both the DV protocol and the CV protocol (both operating
with a single repeater node) sending a two-mode squeezed state of χin = 0.5 to result in the
same entanglement of formation E ≈ 0.14 between both output states. As the average photon
number of one mode of this two-mode squeezed state is less than one (n¯ ≈ 0.33), results in
Figure 7.6 present the DV teleporter operating on one mode only.
In this result, we are varying the fidelity of the initial pairs of Werner states distributed
between the nodes and comparing resulting rates of entanglement distribution to the CV rate.
As the initial fidelity is increased, the number of rounds of purification needed to achieve the
correct required fidelity of the final pair is reduced and therefore the rate is increased. For the
results in Fig. 7.6, an initial fidelity of Fi ≥ 0.82 is required for the entanglement distribution
rate of the DV protocol to surpass that of the CV protocol.
It is also interesting to note how the comparison performs as the size of the CV state
we are distributing scales up. The low average photon number of the two-mode Gaussian
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Figure 7.7: Repeater rates of first generation DV and CV repeaters operating at 400km with both
DV and CV repeaters taking an input state of χin = 0.9. The blue line represents the rate achieved by
the CV repeater. The red dot points represent the rate achieved by the DV repeater. To ensure the
CV and DV repeaters distribute states of the same entanglement of formation, the required fidelity
for the DV repeater has been set to Freq = 0.74.
squeezed state used in the comparison for Figure 7.6 permitted use of only one mode in the
DV distribution protocol. However, for a higher energy state using only one mode would not
accurately enough recreate the original state after teleportation.
For this case, we present the result in Figure 7.7 in which both the CV and DV repeaters
transmit a two-mode squeezed state of χin = 0.9 again over 400km. This input state has an
average photon number of n¯ ≈ 4.2 and therefore, 4 modes are required to distribute a state
of this size using DV resources via the protocol described in Figure 7.4. Again, the results
presented in Figure 7.7 ensure CV and DV outputs have the same entanglement of formation
(E ≈ 0.35), with the required fidelity for the DV repeater being set to Freq = 0.74 to achieve this.
It can be seen that even as the fidelity of the initial pairs distributed within the DV repeater is
increased to Fi = 1, the DV distribution rate does not surpass that of the CV repeater. When
the initial fidelity reaches a certain point Fi ≥ 0.87 the rate plateaus because even with a high
enough initial fidelity so as to not require any purification rounds, the distribution rate is still
not high enough to beat the CV rate.
It should be noted that while some optimisation of the CV repeater has been done to achieve
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the results presented in this chapter, the CV repeater remains not yet fully optimised. It is
expected that with further progress modelling the operation of the repeater, the CV repeater
rates could be increased further. Additionally, we note that the conclusions that can be drawn
from the comparison in this chapter are limited as more results at higher link numbers are
necessary to draw conclusions about how the performance of the repeaters scale with distance.
Nevertheless, we hope that this result highlights how DV resources may be effectively utilised
to distribute CV states. We note that DV repeaters may be efficiently employed to distribute
CV states with low average energy, but for higher average energy states in this specific case,
they may not be as efficient as first generation CV repeaters. Further, significant performance
increases can be expected as the second and third generation CV repeater schemes are devel-
oped.
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Conclusions and future work
In this thesis we presented one of the first quantum repeater schemes for continuous variable
encodings of quantum information. Our repeater is based on concatenated error correction
protocols that correct loss for any optical field state. The scope of this thesis included a thorough
investigation into operation of this error correction protocol in realistic implementations.
This CV error correction protocol works to correct a loss channel by improving the effective
transmission. In Chapter 3, we saw that implementing the NLA with linear optics necessarily
introduces a state truncation in the photon number basis which introduces excess noise to the
state beyond that of the gain-tuned CV teleportation protocol. The introduction of this excess
noise represented a problem in analysing whether the error correction protocol had improved
the channel. To address this, we used the Gaussian entanglement of formation to quantify
a lower bound on the amount of entanglement preserved after the error correction protocol
had transmitted a Gaussian two-mode squeezed vacuum state and compared it to the same
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state distributed through the same initial loss channel. This method was utilised to quantify
performance of the CV error correction protocol in Chapters 3, 4, and 5.
In Chapter 4, we showed that with only a single quantum scissor NLA, the CV error
correction protocol may be used to correct a thermal-loss channel with a limited amount of
thermal noise. We also examined the difference in performance that can be expected with the
NLA comprised of two quantum scissors. With two quantum scissors, excess noise introduced
to the state is significantly reduced and it can be used to correct channels of higher transmission
than those that can be corrected using the single quantum scissor. The trade-off is efficiency,
as the probability of success of the NLA decreases exponentially with the number of quantum
scissors in the implementation. Finally, in this chapter we show that the addition of a state
truncation as the last step of the error correction protocol may be employed to reduce the noise,
but this is only useful if the average photon number of the input to the protocol is kept small.
We asked whether it was feasible to implement this error correction protocol with current
technology in Chapter 5. To answer this question we modelled operation of the error correction
protocol with non-unit efficiency sources and detectors. The elements that could restrict the
potential for this protocol to show channel improvement experimentally are the non-unit homo-
dyne detectors which introduce excess noise and the non-unit single photon source which limits
the achievable gain of the NLA. Using state-of-the-art efficiencies in our modelling, we have
shown that error correction using this protocol should be demonstrable with current technology.
In Chapter 6, we presented our quantum repeater for continuous variables. Like its gen-
eration I discrete variable counterpart, our CV repeater contains entanglement distribution,
entanglement swapping and entanglement distillation. However, each of these elements are
different from the discrete versions so as to be compatible with continuous variable encodings
of quantum information. Our entanglement swapping protocol is gain-tuned CV teleportation
and entanglement distillation is performed by the NLA. These elements make up the error
correction protocol that was the focus of Chapters 3, 4, and 5 and our repeater structure is
comprised of concatenated error correction protocols.
The result of this structure is that channel attenuation - which limits the distance one
could achieve CV quantum communication over - is kept constant for arbitrary distance. In
principle, our repeater design does this with a resource cost that scales polynomially with
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distance. However, in practice the quantum scissor NLA implementation introduces building
truncation noise which may hinder this polynomial scaling. In any case, we show that our
repeater can beat the fundamental bounds on repeaterless quantum communication [27, 28].
In Chapter 7 we compare entanglement distribution rates between our first generation CV
repeater to first generation DV repeaters. We conclude that while DV repeaters can distribute
CV states with low average energy efficiently, for higher average energy states they may not be
as efficient as first generation CV repeaters.
The field of CV quantum repeaters is still in its early stages with the first two protocols
being published within the last three years [19, 20]. One of these protocols is the work pre-
sented in Chapter 6, the other is the scheme by Munro et al. [20] which uses non-Gaussian
entanglement distillation [142, 143] protocols, heralded non-Gaussian entanglement swapping
and Gaussification. Recently, a third protocol for a CV quantum repeater has been proposed in-
volving non-Gaussian entanglement swapping and quantum scissors as the distillation protocol
[128].
With the improvements to predicted efficiency that came with second and third generation
discrete-variable quantum repeater protocols, one could expect that with further development
these first generation CV repeater protocols could also be optimised significantly. Further
development of CV error correction codes could allow us to move to second and third generation
CV repeaters. In this direction, we could also examine whether the use of cat-codes [144–146] or
GKP codes [96] in conjunction with our CV quantum repeater is advantageous for distributing
discrete quantum information.
In the short term, there are a number of future directions that could be investigated based
on the work in this thesis. One option is examining how different distillation protocols impact
operation of the repeater, instead of the NLA one could use photon subtraction [147–150] or
the symmetric photon replacement [142, 143] and purifying distillation protocols [151] used in
the Munro et al. scheme.
The use of Gaussian entanglement swapping via CV teleportation in our repeater is advan-
tageous because it is completely deterministic, however our setup does use heavily asymmetric
states. One arm of the entanglement has passed through the channel between nodes, and be-
cause our repeater works well at very long distances between nodes, this results in one mode
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being subjected to heavy attenuation. One possible future direction is to investigate different
configurations of entanglement swapping to see if they produce better (more efficient) operation
of the repeater.
While our motivation in studying CV repeater systems is to enable CV quantum communi-
cation for which the benefits are easy state generation and detection and also compatibility with
existing infrastructure, we acknowledge that due to the linear optics construction of the NLA
our repeater requires single photon elements such as sources and detectors. It is known that
CV repeaters need to have a non-Gaussian component [134], however what these non-Gaussian
elements look like in optimal CV schemes remains yet to be seen.
In summary, this work is important because of its place in the development of the first CV
repeater schemes. Additionally, our investigations in Chapter 5, suggests demonstrations of
CV error correction may be possible in the near term. However, it is important to remember
that we are in the very early stages of the field of CV repeaters and just as the experimental
demonstrations of DV repeaters today [152] look very different to first generation DV repeaters,
we hope for significant progress in future generations of CV repeaters. This work represents an
important step forward in realising these devices for the potential future of continuous variable
quantum communication.
A
Error correction calculations
A.1 The error correction protocol
With a coherent state input |α〉, the error correction protocol implemented using a single
quantum scissor (shown in Fig. 3.5) gives the following output state (Eq. 3.27 in the main
text):
|ψout(β)〉 =
√
1− χ2
1 + g2
1√
pi
e
1
2
|α−β|2(χ2−1−ηχ2)Dˆ (λβ) (|0〉+ g√ηχ(α− β) |1〉) (A.1)
where χ is the strength of the squeezing in the entangled resource state, η is the transmission
of the loss channel, g is the gain of the NLA and λ is the classical gain of the CV teleportation
protocol.
The probability of success is given by the norm of the un-normalised state averaged over
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the measurement outcome β
P =
∫
〈ψout(β)|ψout(β)〉 d2β (A.2)
P =
(1− χ2) (χ2 (ηg2 + η − 1) + 1)
(g2 + 1) ((η − 1)χ2 + 1)2 (A.3)
The variance is calculated by:
V =
∫
〈Xˆ2〉 d2β −
(∫
〈Xˆ〉 d2β
)2
(A.4)
After averaging over the measurement outcome β, the variance of the output of the error
correction protocol is:
V =
1
((η − 1)χ2 + 1) (χ2 (ηg2 + η − 1) + 1)
×
{
2λ2
(
χ2
(
2ηg2 + η − 1)+ 1)+ ((η − 1)χ2 + 1) (χ2 (3ηg2 + η − 1)+ 1)
− 4g√ηλχ ((η − 1)χ2 + 1)} (A.5)
Notably, this is independent of α, the amplitude of the input to the error correction protocol.
A.1.1 Alternative method
As an alternative way to model the protocol, we can find the covariance matrix of the entangled
resource state. This is a two-mode squeezed state which has distributed one arm of the entan-
glement through a loss channel of transmission η and has been acted on by a single quantum
scissor NLA of gain g. We begin this analysis with the two-mode squeezed state of form:
|χ〉RB =
√
1− χ2
∞∑
n=0
χn |n〉R |n〉B (A.6)
Mode B passes through a lossy channel of transmission η. The action of the loss channel affects
the following transformation to the state (A.6):
UˆBS [|n〉B |0〉E] =
n∑
m=0
√(
n
m
)
ηm/2 (1− η)(n−m)/2 |m〉B |n−m〉E (A.7)
The state (A.6) becomes:
|χ〉RB →
√
1− χ2
∞∑
n=0
n∑
m=0
χn
√(
n
m
)
ηm/2 (1− η)(n−m)/2 |m〉B |n−m〉E |n〉R (A.8)
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The state is then acted on by a single quantum scissor NLA of gain g, this produces the following
truncated state:
|χ〉RB →
√
1− χ2
1 + g2
∞∑
n=0
(
χn (1− η)n/2 |0〉B |n〉R |n〉E
+gχn
√
nη1/2 (1− η)(n−1)/2 |1〉B |n〉R |n− 1〉E
)
(A.9)
From (A.9), the covariance matrix of this entangled resource state is given by:
σ =

a 0 c 0
0 a 0 −c
c 0 b 0
0 −c 0 b
 (A.10)
with
a = − 2
χ2 (ηg2 + η − 1) + 1 +
4
(η − 1)χ2 + 1 − 1
b =
χ2 (3ηg2 + η − 1) + 1
χ2 (ηg2 + η − 1) + 1
c =
2g
√
ηχ
χ2 (ηg2 + η − 1) + 1 (A.11)
This entangled resource state is then used for CV teleportation of one mode of another two-
mode squeezed vacuum state. This operation can be modelled by the following transformation
to the covariance matrix of a two-mode squeezed vacuum input state σin:
σT = (1⊗X)σin (1⊗X)T + (0⊗ Y ) . (A.12)
where σin is in the form of (A.10), with a, b and c given by:
a =
1 + ζ2
1− ζ2 b =
1 + ζ2
1− ζ2 c =
2ζ
1− ζ2 (A.13)
For phase-insensitive, single-mode channels X and Y are given by
X =
√
τ1 Y = y1 (A.14)
With a covariance matrix of standard form (A.10), CV teleportation behaves as a Gaussian
channel of form (A.14) with:
τ = λ2 y = λ2a− 2λc+ b (A.15)
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where a, b and c are the covariance matrix elements of the entangled resource state given
by (A.11). The results predicted from (A.11) and (A.15) have complete agreement with the
coherent state evolution method presented in Sec. 3.5.
A.2 Error correction on thermal-loss channels
In this section we model the evolution of a coherent state input |α〉A through the error correction
protocol with a thermal-loss channel. Following the method detailed in Sec. 3.4, we begin with
the generation of a two-mode Gaussian squeezed state
|χ〉RB =
√
1− χ2
∞∑
n=0
χn |n〉R |n〉B . (A.16)
An arbitrary input state |ψ〉A is mixed on a 50:50 beam-splitter with mode R. Dual homodyne
detection is then performed on modes A and R where β is detected:
β = X− + iP+, (A.17)
with
Xˆ− = XˆA − XˆR, (A.18)
Pˆ+ = PˆA + PˆR. (A.19)
This dual homodyne detection projects onto the eigenstate [112]:
|β〉AR =
1√
pi
∞∑
n=0
DˆA (β) |n〉A |n〉R . (A.20)
The measurement on modes A and R projects the products state |ψ〉A⊗|χ〉RB into the quantum
state of mode B
|ψ (β)〉B = 〈β|AR [|ψ〉A ⊗ |χ〉RB]
=
√
1− χ2
pi
∞∑
n=0
χn |n〉B A 〈n| DˆA (−β) |ψ〉A , (A.21)
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with the measurement probability P (β) given by 〈ψ (β) |ψ (β)〉. With a coherent state input
|ψ〉A = |α〉A, (A.21) reduces to a coherent state displaced by −β and scaled by χ.
|ψ (β)〉B = 〈β|AR [|α〉A ⊗ |χ〉RB]
=
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1) |χ (α− β)〉 (A.22)
We model the Gaussian thermal-loss channel between sender and receiver by passing mode B
through a beam splitter of transmission η mixing with a thermal state ρˆth in mode E.
ρˆth =
1
pin¯
∫
e−|γ|
2/n¯ |γ〉E 〈γ|E d2γ (A.23)
The state is now:
ρˆ = UˆBS [|ψ(β)〉B 〈ψ(β)|B ⊗ ρˆth] Uˆ †BS
=
1
pin¯
∫
e−|γ|
2/n¯1− χ2
pi
e|α−β|
2(χ2−1)
|√ηχ (α− β) +
√
1− ηγ〉B |
√
1− ηχ (α− β)−√ηγ〉E
〈
√
1− ηχ (α− β)−√ηγ|E 〈
√
ηχ (α− β) +
√
1− ηγ|B d2γ
Trace out the environment mode E:
ρˆout = TrE [ρˆBE] (A.24)
ρˆout =
1
pi
∫
1
pin¯
∫
e−|γ|
2/n¯1− χ2
pi
e|α−β|
2(χ2−1)
〈ζ|E |
√
ηχ (α− β) +
√
1− ηγ〉B |
√
1− ηχ (α− β)−√ηγ〉E
〈
√
1− ηχ (α− β)−√ηγ|E 〈
√
ηχ (α− β) +
√
1− ηγ|B |ζ〉E
d2γd2ζ (A.25)
ρˆout =
1
pi
∫
1
pin¯
∫
e−|γ|
2/n¯1− χ2
pi
e|α−β|
2(χ2−1)e−|ζ−(
√
1−ηχ(α−β)−√ηγ)|2
|√ηχ (α− β) +
√
1− ηγ〉B 〈
√
ηχ (α− β) +
√
1− ηγ|B d2γd2ζ (A.26)
The action of the NLA with N quantum scissors can be described by the following operation:
TˆN = ΠˆNg
nˆ (A.27)
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where ΠˆN is the truncation operator defined as:
ΠˆN =
(
1
g2 + 1
)N
2
N∑
n=0
N !
(N − n)!Nn |n〉 〈n| (A.28)
We are interested in the case where the NLA consists of a single quantum scissor, N = 1:
Πˆ1 =
√
1
g2 + 1
(|0〉 〈0|+ |1〉 〈1|) (A.29)
The output state after the NLA is:
ρˆout =
1
pi
∫
1
pin¯
∫
e−|γ|
2/n¯ 1
1 + g21
1− χ2
pi
e|α−β|
2(χ2−1)e−|ζ−(
√
1−ηχ(α−β)−√ηγ)|2e−|√ηχ(α−β)+
√
1−ηγ|2(
|0〉B + g1
(√
ηχ(α− β) +
√
1− ηγ
)
|1〉B
)(
〈0|B + g1
(√
ηχ(α∗ − β∗) +
√
1− ηγ∗
)
〈1|B
)
d2γd2ζ
(A.30)
The last step in this protocol is a displacement by the measurement result β scaled by a
classical gain λ. The output state of the protocol is
ρˆout =
∫ ∫
1
pi
1
pin¯
e−|γ|
2/n¯ 1
1 + g21
1− χ2
pi
e|α−β|
2(χ2−1)e−|ζ−(
√
1−ηχ(α−β)−√ηγ)|2e−|√ηχ(α−β)+
√
1−ηγ|2
DˆB (λβ)
(
|0〉B + g1
(√
ηχ(α− β) +
√
1− ηγ
)
|1〉B
)(
〈0|B + g1
(√
ηχ(α∗ − β∗) +
√
1− ηγ∗
)
〈1|B
)
Dˆ†B (λβ) d
2γd2ζ (A.31)
Using (A.31) we can calculate the variance of this output state and after integration over
β, γ and ζ we have:
VTH =
1
((η − 1)(n+ 1)χ2 − ηn+ n+ 1) (χ2 (ηg2 + η − 1) + (g2 + 1) (η − 1)n (χ2 − 1) + 1)
× {4g2ηλ2χ2 + ((η − 1)χ2 + 1) (3g2ηχ2 + 2λ (λ− 2g√ηχ))
−(η − 1)2n2 (χ2 − 1) (g2 (2λ2 − 3χ2 + 3)+ 2λ2 − χ2 + 1)
− (η − 1)n (g2 (2λ2 ((η − 1)χ2 + 1)− 3 (χ2 − 1) ((2η − 1)χ2 + 1))
+4
√
ηgλχ
(
χ2 − 1)+ 2λ2 ((η − 2)χ2 + 2)− 2 (χ2 − 1) ((η − 1)χ2 + 1))
+(η − 2)ηχ4 + 2ηχ2 + χ4 − 2χ2 + 1} (A.32)
If we follow the method detailed in Sec. 3.6 to form an effective channel using the output
variance (A.32), we find that it exactly agrees with the variance predicted using the covariance
matrix transformations from the thermal-loss channel and single quantum scissor NLA (4.10)
and CV teleportation (A.15).
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A.3 Two quantum scissor NLA
In this section we model the evolution of a coherent state |α〉A through the error correction
protocol operating on a pure-loss channel, this time with the NLA consisting of two quantum
scissors (pictured in Fig. 4.5). This calculation is very similar to that outlined in Chapter 3,
therefore we begin with the (3.13):
|ψ (β)〉B →
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1) |√ηχ (α− β)〉 . (A.33)
which is the state before input into the NLA. The input state |α〉A has been mixed with
entangled resource state of squeezing χ, dual homodyne detection has been performed and
the other mode passed through a pure-loss channel of transmission η. This state (A.33) is
conditioned on the measurement outcome of the dual homodyne detection β. The action of the
NLA with N quantum scissors can be described by the following operation:
TˆN = ΠˆNg
nˆ (A.34)
where ΠˆN is the truncation operator defined in (A.28). We are interested in the case where the
NLA consists of two quantum scissors, N = 2:
Πˆ2 =
1
g21 + 1
(
|0〉 〈0|+ |1〉 〈1|+ 1
2
|2〉 〈2|
)
(A.35)
The state after action of the two quantum scissor NLA is
|ψ(β)〉 = 1
g2 + 1
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1−ηχ2)
(
|0〉+ g√ηχ(α− β) |1〉+ g
2ηχ2 (α− β)2
2
√
2
|2〉
)
(A.36)
The last step in this protocol is a displacement by the measurement result β scaled a classical
gain λ. The output state of the protocol is
|ψ (β)〉 = 1
g2 + 1
√
1− χ2
pi
e
1
2
|α−β|2(χ2−1−ηχ2)Dˆ (λβ)(
|0〉+ g√ηχ(α− β) |1〉+ g
2ηχ2 (α− β)2
2
√
2
|2〉
)
(A.37)
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The variance of the output state (A.37) after averaging over the measurement outcome β is:
V2QS =
1
((η − 1)χ2 + 1) (χ2 (η (g2 + 2)− 2) + 2)2
× [2λ2 (χ4 (2η + 3ηg2 − 2) (η (g2 + 2)− 2)+ 8χ2 (η + ηg2 − 1)+ 4)
−16λ√ηgχ ((η − 1)χ2 + 1) (χ2 (η + ηg2 − 1)+ 1)
+
(
(η − 1)χ2 + 1) (χ2 (2η + 5ηg2 − 2)+ 2) (χ2 (η (g2 + 2)− 2)+ 2)] (A.38)
The probability of success is:
P2QS = −(χ
2 − 1) (χ2 (η (g2 + 2)− 2) + 2)2
4 (g2 + 1)2 ((η − 1)χ2 + 1)3 (A.39)
A.4 Error correction with inefficient resources
Contained in this section is the evolution of a coherent state input |α〉A through the error
correction protocol with inefficient sources and detectors on a pure-loss channel (n = 0). We
include in our analysis losses in homodyne detection and single photon preparation and detec-
tion. Recall from the previous section (as well as Sec. 3.3), that with input state |ψ〉A, the
output state conditioned on the measurement result β = X− + iP+ is given by (A.21):
|ψ(β)〉 = 1√
pi
√
1− χ2
∞∑
n=0
∞∑
m=0
〈n|A 〈n|R χmDˆA (−β) |ψ〉A |m〉R |m〉B . (A.40)
Losses in the homodyne detection are modelled using a beam splitter of transmissivity τ on
modes A and R before detection. This performs the following transformation on mode A (with
coherent state input to the protocol |ψ〉A = |α〉A):
|ψ〉A → |
√
τα〉A , (A.41)
and transforms mode R as
|m〉R → UˆBS [|m〉R |0〉E] =
m∑
k=0
√(
m
k
)
τ k/2(1− τ)(m−k)/2 |k〉R |m− k〉E . (A.42)
Combining (A.41), (A.42), and (A.40), the output state after detection of the measurement
result β is:
|ψ(β)〉 =
√
1− χ2
pi
e−|
√
τα−β|2/2
∞∑
m=0
m∑
n=0
χm
√(
m
n
)
τn/2(1−τ)(m−n)/2 (
√
τα− β)n√
n!
|m− n〉E |m〉B .
(A.43)
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(a)
(b)
Figure A.1: The error correction protocol with a single quantum scissor. (a) Sources and detection
inefficiency are marked with gray, curved lines. (b) Modelling these inefficiencies by commuting loss
through optical networks as shown here. Environment modes are labelled in gray are relevant to
calculations contained in Sec. A.4.
Mode B then undergoes loss through channel attenuation modelled as a beam-splitter of
transmission η. We rescale this transmission as η = ν
δ
to account for loss in the single photon
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detector Da,
|m〉B → UˆBS [|m〉B |0〉D] =
m∑
j=0
√(
m
k
)
νj/2(1− ν)(m−j)/2 |j〉B |m− j〉F . (A.44)
After channel attenuation, the state is
|ψ(β)〉 =
√
1− χ2
pi
e−|
√
τα−β|2/2
∞∑
m=0
m∑
n=0
χm
√(
m
n
)
τn/2(1− τ)(m−n)/2 (
√
τα− β)n√
n!
|m− n〉E
m∑
j=0
√(
m
j
)
νj/2(1− ν)(m−j)/2 |j〉B |m− j〉F (A.45)
with modes E and F being loss modes (see Fig. A.1(b)), while mode B will be input into the
NLA.
In the ideal case with no experimental inefficiencies, the NLA acts by combining mode
B with a single photon in the form
√
ξ |1〉D |0〉C +
√
1− ξ |0〉D |1〉C where the parameter ξ is
related to the gain of the NLA by g =
√
1−ξ
ξ
. Modes B and D are then detected at Da and
Db respectively. In the following, we model the realistic situation of imperfect single photon
preparation and detection.
Preparation inefficiency of the single photon ancilla is modelled by a beam splitter with
transmission ε, mode G is a loss mode.
|φ〉NLA →
√
ε |1〉D |0〉G +
√
1− ε |0〉D |1〉G (A.46)
The single photon ancilla |φ〉NLA then passes through the tunable beam splitter of transmission
ξ, mode C is the output mode.
|φ〉NLA →
√
ε
√
ξ |1〉D |0〉C |0〉G +
√
ε
√
1− ξ |0〉D |1〉C |0〉G +
√
1− ε |0〉D |0〉C |1〉G (A.47)
The single photon ancilla |φ〉NLA then undergoes loss δ on mode D to model the loss in the
single photon detector Db, mode H is a loss mode.
|φ〉NLA →
√
ε
√
ξ
√
δ |1〉D |0〉C |0〉H |0〉G +
√
ε
√
1− ξ |0〉D |1〉C |0〉H |0〉G
+
√
ε
√
ξ
√
1− δ |1〉H |0〉G |0〉D |0〉C +
√
1− ε |0〉H |1〉G |0〉D |0〉C (A.48)
A.4 Error correction with inefficient resources 111
The single photon ancilla (A.48) is then combined with mode B (A.45) on a 50:50 beam
splitter and modes B and D are detected. A successful event is heralded when a single photon
is detected at Da and none at Db or vice versa (|0〉B |1〉D or |1〉D |0〉D).
The last step in the protocol is a displacement of the output mode by the measurement
result β scaled by a classical gain λ, given by DˆC (λβ). The entire, un-normalized output state
of the protocol is:
ρˆout =
1− χ2
pi
e−|
√
τα−β|2
∞∑
s=0
s∑
r=0
(1− ν)s (1− τ)rχ2sDˆC (λβ)
({
εξδ
(
s
s− r
)
τ s−r
(
|√τα− β|2
)s−r
(s− r)! +
+ [νεξ (1− δ) + (1− ε) ν] (s+ 1)χ2
(
s+ 1
s+ 1− r
)
τ (s+1−r)
(
|√τα− β|2
)s+1−r
(s+ 1− r)!
}
|0〉C 〈0|C
+ ε (1− ξ) ν (s+ 1)χ2
(
s+ 1
s+ 1− r
)
τ s+1−r
(
|√τα− β|2
)s+1−r
(s+ 1− r)! |1〉C 〈1|C
+ ε
√
ξδντ (1− ξ)(√τα∗ − β∗)χ
(
s
s− r
)
s+ 1
s+ 1− rτ
s−r
(
|√τα− β|2
)s−r
(s− r)! |0〉C 〈1|C
+ ε
√
ξδντ (1− ξ)(√τα− β)χ
(
s
s− r
)
s+ 1
s+ 1− rτ
s−r
(
|√τα− β|2
)s−r
(s+ 1− r)! |1〉C 〈0|C
)
Dˆ†C (λβ) .
(A.49)
The probability of success of the protocol is given by the norm of (A.49). This represents
an infinite sum, with each term weighted by χ2s. For results presented in Chapter 5, the sum
was truncated at s = 5. The parameter χ can physically range from 0 < χ < 1, however in this
thesis we present results where χ ≤ 0.5 to ensure validity of this approximation. The variance
of the output state was calculated and averaged over the measurement outcome β, the variance
is independent of the input amplitude α.
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B
Continuous variable repeater calculations
In this appendix, we calculate the output states of elementary implementations of the CV quan-
tum repeater protocol presented in Chapter 6 with coherent state input. We begin calculating
the output state of Fig. B.1 (Fig. 6.6 in the main text), the most basic repeater implementation
containing a single node with singe quantum scissor NLAs. To evaluate the output state of this
protocol, we begin by calculating how the two base level error correction protocols (shown in
Fig. B.2) transform an input coherent state.
B.1 Two iterations of the error correction protocol
The repeater protocol includes feeding the output of one CV error correction protocol [25] into
a second iteration of the same protocol. We now wish to find the output state after this second
iteration of the error correction protocol (Fig. B.2). From Chapter 3, a coherent state input
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Figure B.1: Single node (two link) CV quantum repeater protocol implemented with single quan-
tum scissor NLAs. This figure shows the labelled parameters used in the calculations contained in
this appendix.
Figure B.2: Two iterations of the CV error correction protocol.
|α〉 into a single iteration of the error correction protocol implemented using a single quantum
scissor (shown in Fig. 3.5) gives the output state (Eq. 3.27 in the main text):
|ψout(β1)〉A =
√
1− χ21
1 + g21
1√
pi
e
1
2
|α−β1|2(χ21−1−ηχ21)DˆA (λ1β1) (|0〉A + g1
√
η1χ1(α− β1) |1〉A) (B.1)
In the following calculations for the continuous variable quantum repeater we use χ1 to denote
the strength of the squeezing of the first base level entangled resource state , η1 is the transmis-
sion of the loss channel between the sender and the repeater node, g1 is the gain of the NLA
and λ1 is the classical gain of the CV teleportation protocol (see Fig. B.2).
The first step in the second iteration of base level error correction protocols is the joint
measurement of Xˆ and Pˆ . In this section, we refer to the input into the second protocol
as mode A, the second entangled resource outputs modes R and B and the dual homodyne
measurement at the start of the second protocol is conducted on modes A and R (modes are
labelled on Fig. B.2). This measurement projects the product state |ψout(β1)〉A ⊗ |χ2〉RB onto
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the state of mode B:
|ψ(β1, β2)〉 =
√
1− χ22
pi
∑
n
χn2 |n〉B A〈n|DˆA(−β2) |ψout(β1)〉A (B.2)
where χ2 is the strength of the squeezing of the second base level entangled resource state.
We’ll use φ1 to denote the displacement that should be applied to mode A at the end of the
first error correction protocol, that is the measurement outcome β1 scaled by a classical gain
λ1.
φ1 = λ1β1 (B.3)
For the output state given in (B.1), we have
A〈n|DˆA(−β2) |ψout(β1)〉A = B1 A〈n|DˆA(−β2)DˆA (φ1) (|0〉A + g1
√
η1χ1(α− β1) |1〉A) (B.4)
The measurement outcome of the first dual homodyne detection in Fig. B.2 is β1 and the
measurement outcome of the second dual homodyne detection is β2. The constant B1 is defined
as:
B1 =
√
1− χ21
1 + g21
1√
pi
e
1
2
|α−β1|2(χ21−1−ηχ21) (B.5)
Using the following property of the displacement operator [153]:
Dˆ(α)Dˆ(β) = e(αβ
∗−α∗β)/2Dˆ(α + β) (B.6)
We may combine the displacements on mode A as:
DˆA(−β2)DˆA(φ1) = e(φ1β∗2−φ∗1β2)/2DˆA (φ1 − β2) (B.7)
where φ1β
∗
2 − φ∗1β2 is purely imaginary.
A〈n|DˆA(−β2) |ψout(β1)〉A = B1e(φ1β
∗
2−φ∗1β2)/2
A〈n|DˆA(φ1 − β2) (|0〉A + g1
√
η1χ1(α− β1) |1〉A)
(B.8)
A〈n|DˆA (φ1 − β2) |0〉A = A〈n|φ1 − β2〉A = e−|φ1−β2|
2/2 (φ1 − β2)n√
n!
(B.9)
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A〈n|DˆA(φ1 − β2) |1〉A =A 〈n|Dˆ†A(−φ1 + β2)aˆ† |0〉A
=A 〈n| Dˆ†A(−φ1 + β2)aˆ†DˆA(−φ1 + β2)︸ ︷︷ ︸
aˆ†−φ∗1+β∗2
Dˆ†A(−φ1 + β2) |0〉A
= e−|φ1−β2|
2/2
(
√
n
(φ1 − β2)n−1√
(n− 1)! + (−φ
∗
1 + β
∗
2)
(φ1 − β2)n√
n!
)
(B.10)
Substituting (B.9) and (B.10) into (B.8) gives:
A〈n|DˆA(−β2) |ψout(β1)〉A = B1e(φ1β
∗
2−φ∗1β2)/2e−|φ1−β2|
2/2 (B.11)(
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
(φ1 − β2)n√
n!
+ g1
√
η1χ1(α− β1)
√
n
(φ1 − β2)n−1√
(n− 1)!
)
(B.12)
Substituting (B.12) into (B.2) gives the state conditioned on measurement outcomes β1 and β2:
|ψ(β1, β2)〉 =
√
1− χ22
pi
B1e
(φ1β∗2−φ∗1β2)/2e−|φ1−β2|
2/2
∑
n
χn2
(
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
(φ1 − β2)n√
n!
+ g1
√
η1χ1(α− β1)
√
n
(φ1 − β2)n−1√
(n− 1)!
)
|n〉B (B.13)
The state then passes through a lossy channel of transmission η2. Here the loss mode is
mode C.
UˆBS [|n〉B |0〉C ] =
n∑
k=0
√(
n
k
)
η
k/2
2 (1− η2)(n−k)/2 |k〉B |n− k〉C (B.14)
Defining:
|ψnk〉BC =
n∑
k=0
√(
n
k
)
η
k/2
2 (1− η2)(n−k)/2 |k〉B |n− k〉C (B.15)
Using (B.15), the state after loss can be written as:
|ψ(β1, β2)〉 =
√
1− χ22
pi
B1e
(φ1β∗2−φ∗1β2)/2e−|φ1−β2|
2/2[
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
∑
n=0
χn2
(φ1 − β2)n√
n!
|ψnk〉BC
+ g1
√
η1χ1(α− β1)
∑
n=1
χn2
√
n
(φ1 − β2)n−1√
(n− 1)! |ψnk〉BC
]
(B.16)
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Expand the sum over n and truncate terms n > 8:
|ψ(β1, β2)〉 =
√
1− χ22
pi
B1e
g1
√
η1χ1(β1β∗2−β∗1β2)/2e−|φ1−β2|
2/2[
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
{
|ψ0k〉BC + χ2 (φ1 − β2) |ψ1k〉BC
+ χ22
(φ1 − β2)2√
2
|ψ2k〉BC + χ32
(φ1 − β2)3√
6
|ψ3k〉BC + χ42
(φ1 − β2)4
2
√
6
|ψ4k〉BC
+ χ52
(φ1 − β2)5
2
√
30
|ψ5k〉BC + χ62
(φ1 − β2)6
12
√
5
|ψ6k〉BC + χ72
(φ1 − β2)7
12
√
35
|ψ7k〉BC
+ χ82
(φ1 − β2)8
24
√
70
|ψ8k〉BC
}
+ g1
√
η1χ1(α− β1)
{
χ2 |ψ1k〉BC + χ22 (φ1 − β2)1
√
2 |ψ2k〉BC
+ χ32
(φ1 − β2)2√
2
√
3 |ψ3k〉BC + χ42
(φ1 − β2)3√
3
√
2 |ψ4k〉BC
+ χ52
(φ1 − β2)4
2
√
5
6
|ψ5k〉BC + χ62
(φ1 − β2)5
2
√
5
|ψ6k〉BC
+ χ72
(φ1 − β2)6
12
√
7
5
|ψ7k〉BC + χ82
(φ1 − β2)7
3
√
70
|ψ8k〉BC
}]
(B.17)
Expanding each |ψnk〉BC gives (continued over page):
|ψ0k〉BC =
0∑
k=0
√(
0
k
)
η
k/2
2 (1− η2)(0−k)/2 |k〉B |0− k〉C
= |0〉B |0〉C (B.18)
|ψ1k〉BC =
1∑
k=0
√(
1
k
)
η
k/2
2 (1− η2)(1−k)/2 |k〉B |1− k〉C
=
√
1− η2 |0〉B |1〉C +
√
η2 |1〉B |0〉C (B.19)
|ψ2k〉BC =
2∑
k=0
√(
2
k
)
η
k/2
2 (1− η2)(2−k)/2 |k〉B |2− k〉C
= (1− η2) |0〉B |2〉C +
√
2η2 (1− η2) |1〉B |1〉C + η2 |2〉B |0〉C (B.20)
|ψ3k〉BC =
3∑
k=0
√(
3
k
)
η
k/2
2 (1− η2)(3−k)/2 |k〉B |3− k〉C
= (1− η2)3/2 |0〉B |3〉C +
√
3η2 (1− η2) |1〉B |2〉C +
√
3 (1− η2)η2 |2〉B |1〉C
+ η
3/2
2 |3〉B |0〉C (B.21)
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|ψ4k〉BC =
4∑
k=0
√(
4
k
)
η
k/2
2 (1− η2)(4−k)/2 |k〉B |4− k〉C
= (1− η2)2 |0〉B |4〉C + 2
√
η2 (1− η2)3/2 |1〉B |3〉C +
√
6η2 (1− η2) |2〉B |2〉C
+ 2
√
(1− η2)η3/22 |3〉B |1〉C + η22 |4〉B |0〉C (B.22)
|ψ5k〉BC =
5∑
k=0
√(
5
k
)
η
k/2
2 (1− η2)(5−k)/2 |k〉B |5− k〉C
= (1− η2)5/2 |0〉B |5〉C +
√
5η2 (1− η2)2 |1〉B |4〉C +
√
10η2 (1− η2)3/2 |2〉B |3〉C
+
√
10η
3/2
2 (1− η2) |3〉B |2〉C +
√
5 (1− η2)η22 |4〉B |1〉C + η5/22 |5〉B |0〉C (B.23)
|ψ6k〉BC =
6∑
k=0
√(
6
k
)
η
k/2
2 (1− η2)(6−k)/2 |k〉B |6− k〉C
= (1− η2)3 |0〉B |6〉C +
√
6η2 (1− η2)5/2 |1〉B |5〉C +
√
15η2 (1− η2)2 |2〉B |4〉C
+ 2
√
5 (1− η2)3/2 η3/22 |3〉B |3〉C +
√
15η22 (1− η2) |4〉B |2〉C
+
√
6
√
(1− η2)η5/22 |5〉B |1〉C + η32 |6〉B |0〉C (B.24)
|ψ7k〉BC =
7∑
k=0
√(
7
k
)
η
k/2
2 (1− η2)(7−k)/2 |k〉B |7− k〉C
= (1− η2)7/2 |0〉B |7〉C +
√
7η2 (1− η2)3 |1〉B |6〉C +
√
21η2 (1− η2)5/2 |2〉B |5〉C
+
√
35η
3/2
2 (1− η2)2 |3〉B |4〉C +
√
35η22 (1− η2)3/2 |4〉B |3〉C +
√
21η
5/2
2 (1− η2) |5〉B |2〉C
+
√
7 (1− η2)η32 |6〉B |1〉C + η7/22 |7〉B |0〉C (B.25)
|ψ8k〉BC =
8∑
k=0
√(
8
k
)
η
k/2
2 (1− η2)(8−k)/2 |k〉B |8− k〉C
= (1− η2)4 |0〉B |8〉C + 2
√
2η2 (1− η2)7/2 |1〉B |7〉C + 2
√
7η2 (1− η2)3 |2〉B |6〉C
+ 2
√
14η
3/2
2 (1− η2)5/2 |3〉B |5〉C +
√
70 (1− η2)2 η22 |4〉B |4〉C
+ 2
√
14η
5/2
2 (1− η2)3/2 |5〉B |3〉C + 2
√
7η32 (1− η2) |6〉B |2〉C
+ +2
√
2η
7/2
2 (1− η2)1/2 |7〉B |1〉C + η42 |8〉B |0〉C (B.26)
We then act a single quantum scissor NLA on the state (mode B) with gain g2. Recall that
operation of the NLA for N quantum scissors can be described by:
TˆN = ΠˆNg
nˆ
2 (B.27)
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where ΠˆN is the truncation operator defined as:
ΠˆN =
(
1
g22 + 1
)N
2
N∑
n=0
N !
(N − n)!Nn |n〉 〈n| (B.28)
Applying the NLA operation Tˆ1 with gaing2 to mode B truncates (and amplifies) each |ψnk〉BC
from (B.18)-(B.26) to:
|ψ0k〉BC = |0〉B |0〉C
|ψ1k〉BC =
√
1− η2 |0〉B |1〉C + g2
√
η2 |1〉B |0〉C
|ψ2k〉BC = (1− η2) |0〉B |2〉C + g2
√
2η2 (1− η2) |1〉B |1〉C
|ψ3k〉BC = (1− η2)3/2 |0〉B |3〉C + g2
√
3η2 (1− η2) |1〉B |2〉C
|ψ4k〉BC = (1− η2)2 |0〉B |4〉C + 2g2
√
η2 (1− η2)3/2 |1〉B |3〉C
|ψ5k〉BC = (1− η2)5/2 |0〉B |5〉C + g2
√
5η2 (1− η2)2 |1〉B |4〉C
|ψ6k〉BC = (1− η2)3 |0〉B |6〉C + g2
√
6η2 (1− η2)5/2 |1〉B |5〉C
|ψ7k〉BC = (1− η2)7/2 |0〉B |7〉C + g2
√
7η2 (1− η2)3 |1〉B |6〉C
|ψ8k〉BC = (1− η2)4 |0〉B |8〉C + 2g2
√
2η2 (1− η2)7/2 |1〉B |7〉C
The last step in this protocol is a displacement by the measurement result β2 scaled by a
classical gain λ2, defining φ2 as this displacement:
φ2 = λ2β2 (B.29)
The output state (un-normalised) after two iterations of the protocol can be written in the
most simplified version as:
|ψ(β1, β2)〉 = B2Dˆ (φ2) (|κ0〉C |0〉B + |κ1〉C |1〉B) (B.30)
which is a displaced combination of the |0〉B and |1〉B photon terms. In (B.30), we have used
the constant B2 defined as:
B2 =
1√
1 + g22
√
1− χ22
pi
B1e
(φ1β∗2−φ∗1β2)/2e−|φ1−β2|
2/2 (B.31)
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The terms |κ0〉C and |κ1〉C are for the loss mode (mode C). These components of the output
state are given by:
|κ0〉C = (1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
{
|0〉C + χ2 (φ1 − β2)
√
1− η2 |1〉C
+ χ22
(φ1 − β2)2√
2
(1− η2) |2〉C + χ32
(φ1 − β2)3√
6
(1− η2)3/2 |3〉C + χ42
(φ1 − β2)4
2
√
6
(1− η2)2 |4〉C
+ χ52
(φ1 − β2)5
2
√
30
(1− η2)5/2 |5〉C + χ62
(φ1 − β2)6
12
√
5
(1− η2)3 |6〉C + χ72
(φ1 − β2)7
12
√
35
(1− η2)7/2 |7〉C
+ χ82
(φ1 − β2)8
24
√
70
(1− η2)4 |8〉C
}
+ g1
√
η1χ1(α− β1)
{
χ2
√
1− η2 |1〉C
+ χ22 (φ1 − β2)
√
2 (1− η2) |2〉C + χ32
(φ1 − β2)2√
2
√
3 (1− η2)3/2 |3〉C
+ χ42
(φ1 − β2)3√
3
√
2 (1− η2)2 |4〉C + χ52
(φ1 − β2)4
2
√
5
6
(1− η2)5/2 |5〉C
+ χ62
(φ1 − β2)5
2
√
5
(1− η2)3 |6〉C + χ72
(φ1 − β2)6
12
√
7
5
(1− η2)7/2 |7〉C
+ χ82
(φ1 − β2)7
3
√
70
(1− η2)4 |8〉C
}
(B.32)
|κ1〉C = (1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
{
χ2 (φ1 − β2) g2√η2 |0〉C
+ χ22
(φ1 − β2)2√
2
g2
√
2η2 (1− η2) |1〉C + χ32
(φ1 − β2)3√
6
g2
√
3η2 (1− η2) |2〉C
+ χ42
(φ1 − β2)4
2
√
6
2g2
√
η2 (1− η2)3/2 |3〉C + χ52
(φ1 − β2)5
2
√
30
g2
√
5η2 (1− η2)2 |4〉C
+ χ62
(φ1 − β2)6
12
√
5
g2
√
6η2 (1− η2)5/2 |5〉C + χ72
(φ1 − β2)7
12
√
35
g2
√
7η2 (1− η2)3 |6〉C
+ χ82
(φ1 − β2)8
24
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
}
+ g1
√
η1χ1(α− β1)
{
χ2g2
√
η2 |0〉C + χ22 (φ1 − β2)
√
2g2
√
2η2 (1− η2) |1〉C
+ χ32
(φ1 − β2)2√
2
√
3g2
√
3η2 (1− η2) |2〉C + χ42
(φ1 − β2)3√
3
√
22g2
√
η2 (1− η2)3/2 |3〉C
+ χ52
(φ1 − β2)4
2
√
5
6
g2
√
5η2 (1− η2)2 |4〉C + χ62
(φ1 − β2)5
2
√
5
g2
√
6η2 (1− η2)5/2 |5〉C
+ χ72
(φ1 − β2)6
12
√
7
5
g2
√
7η2 (1− η2)3 |6〉C + χ82
(φ1 − β2)7
3
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
}
(B.33)
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The full (un-normalised) output state after two iterations of the protocol is:
|ψ(β1, β2)〉 = 1√
1 + g22
√
1− χ22
pi
B1e
(φ1β∗2−φ∗1β2)/2e−|φ1−β2|
2/2DˆB (λ2β2)[(
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
{
|0〉C + χ2 (φ1 − β2)
√
1− η2 |1〉C
+ χ22
(φ1 − β2)2√
2
(1− η2) |2〉C + χ32
(φ1 − β2)3√
6
(1− η2)3/2 |3〉C + χ42
(φ1 − β2)4
2
√
6
(1− η2)2 |4〉C
+ χ52
(φ1 − β2)5
2
√
30
(1− η2)5/2 |5〉C + χ62
(φ1 − β2)6
12
√
5
(1− η2)3 |6〉C + χ72
(φ1 − β2)7
12
√
35
(1− η2)7/2 |7〉C
+ χ82
(φ1 − β2)8
24
√
70
(1− η2)4 |8〉C
}
+ g1
√
η1χ1(α− β1)
{
χ2
√
1− η2 |1〉C + χ22 (φ1 − β2)
√
2 (1− η2) |2〉C
+ χ32
(φ1 − β2)2√
2
√
3 (1− η2)3/2 |3〉C + χ42
(φ1 − β2)3√
3
√
2 (1− η2)2 |4〉C
+ χ52
(φ1 − β2)4
2
√
5
6
(1− η2)5/2 |5〉C + χ62
(φ1 − β2)5
2
√
5
(1− η2)3 |6〉C
+ χ72
(φ1 − β2)6
12
√
7
5
(1− η2)7/2 |7〉C + χ82
(φ1 − β2)7
3
√
70
(1− η2)4 |8〉C
})
|0〉B
+
(
(1 + g1
√
η1χ1(α− β1) (−φ∗1 + β∗2))
{
χ2 (φ1 − β2) g2√η2 |0〉C
+ χ22
(φ1 − β2)2√
2
g2
√
2η2 (1− η2) |1〉C + χ32
(φ1 − β2)3√
6
g2
√
3η2 (1− η2) |2〉C
+ χ42
(φ1 − β2)4
2
√
6
2g2
√
η2 (1− η2)3/2 |3〉C + χ52
(φ1 − β2)5
2
√
30
g2
√
5η2 (1− η2)2 |4〉C
+ χ62
(φ1 − β2)6
12
√
5
g2
√
6η2 (1− η2)5/2 |5〉C + χ72
(φ1 − β2)7
12
√
35
g2
√
7η2 (1− η2)3 |6〉C
+ χ82
(φ1 − β2)8
24
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
}
+ g1
√
η1χ1(α− β1)
{
χ2g2
√
η2 |0〉C + χ22 (φ1 − β2)
√
2g2
√
2η2 (1− η2) |1〉C
+ χ32
(φ1 − β2)2√
2
√
3g2
√
3η2 (1− η2) |2〉C + χ42
(φ1 − β2)3√
3
√
22g2
√
η2 (1− η2)3/2 |3〉C
+ χ52
(φ1 − β2)4
2
√
5
6
g2
√
5η2 (1− η2)2 |4〉C + χ62
(φ1 − β2)5
2
√
5
g2
√
6η2 (1− η2)5/2 |5〉C
+ χ72
(φ1 − β2)6
12
√
7
5
g2
√
7η2 (1− η2)3 |6〉C + χ82
(φ1 − β2)7
3
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
})
|1〉B
]
(B.34)
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B.2 Single node repeater protocol
We now use the results from the previous sections to calculate the output state of the single
node CV repeater (Fig. B.1). The state after the first dual homodyne measurement is:
|ψ(β3)〉 =
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1) |χ3 (α− β3)〉 (B.35)
which is a coherent state with amplitude χ3 (α− β3). With input |α〉, the output state
(un-normalised) after two iterations of the protocol is:
|ψ(β1, β2)〉 = B2Dˆ (φ2) (|κ0〉C |0〉B + |κ1〉C |1〉B) (B.36)
With input state (B.35), the state after dual homodyne detection and then two iterations
of the protocol is:
|ψ(β1, β2, β3)〉 =
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2DˆB (φ2) (|µ0〉C |0〉B + |µ1〉C |1〉B) (B.37)
where the constant B2 is still defined as:
B2 =
1√
1 + g22
√
1− χ22
pi
B1e
(φ1β∗2−φ∗1β2)/2e−|φ1−β2|
2/2 (B.38)
however the constant B1 has change to:
B1 =
√
1− χ21
1 + g21
1√
pi
e
1
2
|χ3(α−β3)−β1|2(χ21−1−η1χ21) (B.39)
Additionally, the terms |µ0〉C and |µ1〉C are almost exactly the same as |κ0〉C and |κ1〉C with
the exception that the two occurrences of α in each expression (B.32) and (B.33) are replaced
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with χ3 (α− β3). For the single node repeater (B.37), the terms |µ0〉C and |µ1〉C are given by:
|µ0〉C = (1 + g1
√
η1χ1(χ3 (α− β3)− β1) (−φ∗1 + β∗2))
{
|0〉C + χ2 (φ1 − β2)
√
1− η2 |1〉C
+ χ22
(φ1 − β2)2√
2
(1− η2) |2〉C + χ32
(φ1 − β2)3√
6
(1− η2)3/2 |3〉C + χ42
(φ1 − β2)4
2
√
6
(1− η2)2 |4〉C
+ χ52
(φ1 − β2)5
2
√
30
(1− η2)5/2 |5〉C + χ62
(φ1 − β2)6
12
√
5
(1− η2)3 |6〉C + χ72
(φ1 − β2)7
12
√
35
(1− η2)7/2 |7〉C
+ χ82
(φ1 − β2)8
24
√
70
(1− η2)4 |8〉C
}
+ g1
√
η1χ1(χ3 (α− β3)− β1)
{
χ2
√
1− η2 |1〉C
+ χ22 (φ1 − β2)
√
2 (1− η2) |2〉C + χ32
(φ1 − β2)2√
2
√
3 (1− η2)3/2 |3〉C
+ χ42
(φ1 − β2)3√
3
√
2 (1− η2)2 |4〉C + χ52
(φ1 − β2)4
2
√
5
6
(1− η2)5/2 |5〉C
+ χ62
(φ1 − β2)5
2
√
5
(1− η2)3 |6〉C + χ72
(φ1 − β2)6
12
√
7
5
(1− η2)7/2 |7〉C
+ χ82
(φ1 − β2)7
3
√
70
(1− η2)4 |8〉C
}
(B.40)
|µ1〉C = (1 + g1
√
η1χ1(χ3 (α− β3)− β1) (−φ∗1 + β∗2))
{
χ2 (φ1 − β2) g2√η2 |0〉C
+ χ22
(φ1 − β2)2√
2
g2
√
2η2 (1− η2) |1〉C + χ32
(φ1 − β2)3√
6
g2
√
3η2 (1− η2) |2〉C
+ χ42
(φ1 − β2)4
2
√
6
2g2
√
η2 (1− η2)3/2 |3〉C + χ52
(φ1 − β2)5
2
√
30
g2
√
5η2 (1− η2)2 |4〉C
+ χ62
(φ1 − β2)6
12
√
5
g2
√
6η2 (1− η2)5/2 |5〉C + χ72
(φ1 − β2)7
12
√
35
g2
√
7η2 (1− η2)3 |6〉C
+ χ82
(φ1 − β2)8
24
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
}
+ g1
√
η1χ1(χ3 (α− β3)− β1)
{
χ2g2
√
η2 |0〉C + χ22 (φ1 − β2)
√
2g2
√
2η2 (1− η2) |1〉C
+ χ32
(φ1 − β2)2√
2
√
3g2
√
3η2 (1− η2) |2〉C + χ42
(φ1 − β2)3√
3
√
22g2
√
η2 (1− η2)3/2 |3〉C
+ χ52
(φ1 − β2)4
2
√
5
6
g2
√
5η2 (1− η2)2 |4〉C + χ62
(φ1 − β2)5
2
√
5
g2
√
6η2 (1− η2)5/2 |5〉C
+ χ72
(φ1 − β2)6
12
√
7
5
g2
√
7η2 (1− η2)3 |6〉C + χ82
(φ1 − β2)7
3
√
70
2g2
√
2η2 (1− η2)7/2 |7〉C
}
(B.41)
The displacement operation DˆB (φ2) transforms mode B as:
DˆB (φ2) |0〉B = |φ2〉B = e−|φ2|
2/2 (|0〉B + φ2 |1〉B + ...) (B.42)
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DˆB (φ2) |1〉B = DˆB(φ2)aˆ† |0〉B
= Dˆ†B(−φ2)aˆ†DˆB(−φ2)Dˆ†B(−φ2) |0〉B
= e−|φ2|
2/2
(−φ∗2 |0〉B + (1− |φ2|2) |1〉B + ...) (B.43)
Using (B.42) and (B.43), we can rewrite the state (B.37) as
|ψ(β1, β2, β3)〉 = e−|φ2|2/2
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2 [|µ0〉C (|0〉B + φ2 |1〉B + ...)
+ |µ1〉C
(−φ∗2 |0〉B + (1− |φ2|2) |1〉B + ...)] (B.44)
While there are higher order photon terms in the output state (B.44), they will be truncated
in the next operation which is the third NLA with gain g3. The state is now:
|ψ(β1, β2, β3)〉 = 1√
1 + g23
e−|φ2|
2/2
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2[|µ0〉C (|0〉B + φ2g3 |1〉B) + |µ1〉C (−φ∗2 |0〉B + g3 (1− |φ2|2) |1〉B)] (B.45)
The last operation in the single node repeater protocol is a displacement by the measurement
outcome of the first homodyne detection β3 scaled by a classical gain λ3. The un-normalised
output state is of the single node CV repeater with single quantum scissor NLAs is:
|ψ(β1, β2, β3)〉 = 1√
1 + g23
e−|φ2|
2/2
√
1− χ23
pi
e
1
2
|α−β3|2(χ23−1)B2DˆB (λ3β3)[
(|µ0〉C − φ∗2 |µ1〉C) |0〉B +
(
φ2g3 |µ0〉C + g3
(
1− |φ2|2
) |µ1〉C) |1〉B] (B.46)
From (B.46), we have calculated the variance and probability of success (norm of the un-
normalised state) and integrated them numerically over the three complex variables β1, β2 and
β3 to present the results in Chapters 6 and 7. As is the case in Chapter 3 for the single iteration
of the error correction protocol, after integration of all the measurement outcomes, the variance
and probability of success of the protocol are independent of the size of the input state |α〉.
Note that in order to arrive at this output state (B.46), there was a truncation on the
parameter χ2 at eighth order (see previous section). This is a valid approximation if χ2 is
kept sufficiently small, as is the case for the results presented in Chapters 6 and 7 which
use χ2 = χ1 = 0.265. This approximation was verified by repeating the calculation of the
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output state in this appendix (as well as calculation of the variance and success probability
and subsequent numerical integration) with a truncation to 7th order and ensuring sufficient
agreement between the resulting variance and success probability for χ2 = 0.265.
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